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a  strict  stationary  response.  The  general  trend  of  the  nonlinear  interaction  takes  the  form  of  energy 
exchange  between  the  interacted  mode*  when  the  system  is  internally  tuned.  In  the  case  of  three-mode 
interactions  complex  response  characteristics  are  predicted  in  the  form  of  multiple  solutions  and  jump 
phenomenon  in  a  stochastic  sense. 

The  experimental  investigation  is  carried  out  on  a  two-degree -of- freedom  model  whose  analytical 
solution  is  known.  When  the  first  normal  mode  is  externally  excited  by  a  band-limited  random  excitation 
the  system  mean  square  response  is  found  to  be  linearly  proportional  to  the  excitation  spectral  density 
up  to  a  certain  level  above  which  the  two  normal  modes  exhibit  discontinuity  mainly  governed  by  the 
internal  detuning  and  the  system  damping  ratios.  These  response  characteristics  are  changed  when  the 
second  normal  mode  is  externally  excited.  Under  lower  levels  of  excitation  spectral  density  the  response 
is  dominated  by  the  second  normal  mode.  When  the  excitation  level  increases  the  first  normal  mode 
attends  and  interacts  nonlinearly  with  the  second  mode  in  a  form  of  energy  exchange. 

These  investigations  do  not  take  into  account  the  interaction  between  the  aerodynamic  forces  on 
one  hand  and  the  elastic  and  inertia  forces  on  the  other  hand.  The  interaction  with  random  aerodynamic 
forces  establishes  the  system  nonlinear  flutter  and  constitutes  the  second  phase  of  this  research  project 
A  new  proposal  for  the  second  phase  has  been  submitted  to  AFOSR  for  another  three  years  support 
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ABSTRACT 


'  The  linear  and  nonlinear  modal  interaction*  in  aeroelaatic  structures  under  wide  band  random  exci¬ 
tation  are  examined  analytically  and  experimentally.  The  analytical  investigation  deals  with  the  random 
response  characteristics  of  two-  and  three-degree-of-freedom  nonlinear  models  in  the  neighborhood  of  in¬ 
ternal  resonance  conditions.  These  conditions  take  the  form  of  linear  relationships  between  the  normal 
mode  frequencies  and  are  established  from  the  linear  modal  analysis  of  each  model.  The  Fokker-Planek 
equation  approach  is  used  to  derive  a  general  differential  equation  for  the  response  joint  moments  In 
view  of  the  models  nonlinearity  the  differential  equation  is  found  to  constitute  a  set  of  infinite  coupled 
first  order  differential  equations.  These  equations  are  closed  by  using  two  different  truncation  schemes 
which  are  based  on  the  properties  of  response  joint  cumulanta.  These  two  schemes  are  known  as  Gaus¬ 
sian  and  non-Gaussian  closures.  The  analytical  manipulations  are  performed  by  using  the  computer 
algebraic  software  MACSYMA,  while  the  response  statistical  moments  are  determined  by  numerical 
integration  by  using  the  IMSL  software  DVERK.  The  Gaussian  closure  solution  gives  a  quasi-stationarv 
response  in  the  form  of  fluctuations  between  two  limits.  However,  the  non-Gaussian  closure  results  in 
a  strict  stationary  response.  The  general  trend  of  the  nonlinear  interaction  takes  the  form  of  energy- 

exchange  between  the  interacted  modes  when  the  tyttem  it  internally  tuned.  In  the  case  of  tbree-mode 
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interactions  complex  response  characteristics  are  predicted  in  the  form  of  multiple  solutions  and  jump 
phenomenon  in  a  stochastic  sense. 

The  experimental  investigation  is  carried  out  on  a  two-degree-of-freedom  model  whose  analytical 
solution  is  known.  When  the  first  normal  mode  is  externally  excited  by  a  band-limited  random  excitation 
the  system  mean  square  response  is  found  to  be  linearly  proportional  to  the  excitation  spectral  density 
up  to  a  certain  level  above  which  the  two  normal  modes  exhibit  discontinuity  mainly  governed  by  the 
internal  detuning  and  the  system  damping  ratios.  These  response  characteristics  are  changed  when  the 
second  normal  mode  is  externally  excited.  Under  lower  levels  of  excitation  spectral  density  the  response 
is  dominated  by  the  second  normal  mode.  When  the  excitation  level  increases  the  first  normal  mode 
attends  and  interacts  nonlinearly  with  the  second  mode  in  a  form  of  energy  exchange. 

These  investigations  do  not  take  into  account  the  interaction  between  the  aerodynamic  forces  on 
one  hand  and  the  elastic  and  inertia  forces  on  the  other  hand.  The  interaction  with  random  aerodynamic 
forces  establishes  the  system  nonlinear  flutter  and  constitutes  the  second  phase  of  this  research  project. 
A  new  proposal  for  the  second  phase  has  been  submitted  to  AFOSR  for  another  three  years  support. 
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SUMMARY  OF  MAIN  RESULTS 

I.  Introduction 

In  an  effort  to  understand  the  dynamic  behavior  of  nonlinear  aeroelatic  structures  under  random  exci¬ 
tations  a  research  project  combines  analytical  and  experimental  investigators  has  been  supported  by 
the  Air  Force  Office  of  Scientific  Research.  Based  on  the  original  proposal  (February  1983)  and  its 
amendment  (July  1984)  three  main  objectives  are  considered.  These  are: 

1.  To  investigate  the  autoparametric  interaction  in  aeroelastic  structures  subjected 
to  wide  band  random  excitation,  Aafaparameinc  interaction  usually  occurs  if  the 
normal  mode  frequencies  of  the  structure  are  commensurate  (i.e.  the  normal  mode 
frequencies  are  governed  by  an  algebraic  relationship  known  as  infernal  resonance. 

2.  To  investigate  the  effects  of  damping  and  stiffness  random  fluctuations  in  the  ab¬ 
sence  and  in  the  presence  of  internal  resonance. 

3.  To  conduct  an  experimental  investigation  with  the  purpose  of  understanding  com¬ 
plex  response  characteristics  and  verifying  the  validity  of  theoretical  results.  The 
experimental  investigation  is  very  valuable  in  demonstrating  how  the  normal  modes 
are  interacting  under  random  excitations. 

This  report  provides  a  brief  summary  of  the  main  results  of  this  research  project  during  three-  year 
period.  The  complete  results  are  published  in  technical  papers  and  presented  at  ASME,  AIAA.  IMAC. 
and  international  meetings.  Various  aspects  of  the  research  project  are  well  documented  in  two  Ph  D 
dissertations  and  two  Masters  theses.  Reprints  of  the  technical  papers  are  attached. 


II.  ANALYTICAL  INVESTIGATION 

H.I  Xffo-Modc  Interaction 

The  linear  and  nonlinear  random  modal  interactions  in  two-degree -of- freedom  aeroelastic  structural 
model  are  examined  by  using  the  Fokker-Planck  equation  approach  together  with  two  truncation  schemes 
known  os  Gaussian  and  non-Gaussian  clotures.  A  general  differential  equation  describing  the  evolution 
of  the  response  statistical  moments  is  derived  for  any  moment  order.  For  the  case  of  linear  modal 
interaction  this  differential  equation  is  found  to  be  consistent  (i.e.  the  number  of  unknowns  is  equal 
to  the  number  of  the  generated  equations).  The  stationary  response  is  determined  for  various  system 
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parameters.  It  is  found  that  the  linear  interaction  results  in  a  suppression  of  one  mode  when  the 
uncoupled  frequencies  of  the  structure  are  close  to  each  other.  For  the  case  of  nonlinear  modal  interaction 
(known  as  autoparametric  coupling)  the  differential  equation  of  the  response  moments  forms  an  infinite 
coupled  set  of  first  order  differential  equations  which  are  closed  by  Gaussian  and  non-Gaussian  closure 
schemes.  The  Gaussian  closure  is  known  to  be  less  accurate  since  it  does  not  take  into  account  the  effect  of 
the  response  non-normality.  The  Gaussian  closure  scheme  yields  14  coupled  differential  equations  in  the 
first  and  second  order  moments  of  the  response  coordinates,  while  the  non-Gaussian  closure  leads  to  69 
differential  equations  in  the  first  through  fourth  order  moments.  The  two  sets  of  differential  equations  are 
solved  by  numerical  integration  by  using  the  IMSL  (International  Mathematical  and  Statistical  Library) 
subroutine  DVERK  (Runge-Kutta-Verner  fifth  and  sixth  numerical  integration  method).  Both  solutions 
are  presented  in  the  time  and  internal  frequency  domains.  The  solutions  exhibit  common  features  such 
as  energy  exchange  between  the  two  normal  modes  in  the  neighborhood  of  internal  tuning.  The  Gaussian 
solution  gives  a  quasi-stationary  response  in  the  form  of  fluctuations  between  two  limits.  However,  the 
non-Gaussian  solution  results  in  a  strict  stationary  response.  The  influence  of  random  fluctuations  in 
the  system  damping  on  the  response  mean  squares  is  found  to  be  very  small  The  stiffness  random 
variation,  however,  shows  to  have  a  pronounced  effect  on  the  response  mean  squares. 

II.2  Three-Mode  Interaction 

The  linear  and  autoparametric  modal  interactions  in  a  three-degree-of-freedom  structural  model  sub¬ 
jected  to  wide  band  random  excitation  are  examined  by  using  the  same  approach  described  in  section 
II. 1.  For  a  structure  with  constant  parameters  the  linear  response  is  obtained  in  a  closed  form.  When 
the  structure  stiffness  matrix  involves  random  components  the  linear  equations  of  motion,  in  terms  of 
principal  coordinates,  are  coupled  through  parametric  terms.  The  response  is  found  to  be  governed  by 
the  condition  of  mean  square  stability.  The  boundary  of  stable-unstable  responses  is  obtained  as  a  func¬ 
tion  of  the  internal  detuning  parameter.  The  results  of  the  linear  system  with  constant  coefficients  are 
used  as  a  reference  to  measure  the  deviation  of  the  system  response  when  the  nonlinear  inertia  coupling 
is  included.  Four  possible  internal  resonance  conditions  are  derived.  These  are: 

i.  Combination  internal  resonance 

WJ  =  Ut|  +  IV} 

ii.  Principal  internal  resonance  between  the  first  and  second  modes 


W}  = 
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iii.  Principal  internal  resonance  between  the  first  and  third  modes 

U3  —  2ui 

iv.  Principal  internal  resonance  between  the  second  and  third  modes 

U13  =  2uj 

In  the  neighborhood  of  combination  internal  resonance  the  Gaussian  closure  results  in  27  differential 
equations  while  the  non-Gaussian  closure  yields  209  differential  equations  in  the  response  joint  moments. 
The  Gaussian  solution  exhibits  two  normal  mode  interaction  when  the  condition  of  combination  reso¬ 
nance  is  slightly  shifted.  This  unexpected  result  is  scrutinized  and  it  is  found  that  the  system  possesses 
principal  internal  resonance  between  the  second  and  third  modes  when  the  three  modes  are  not  exactly 
tuned  according  to  condition  (i).  The  non-Gaussian  solution  successfully  predicts  three-mode  interaction 
in  the  neighborhood  of  combination  internal  resonance.  The  autoparametric  interaction  occurs  among 
the  three  modes  in  such  a  manner  that  the  mean  square  of  the  first  two  normal  modes  is  always  greater 
than  the  linear  solution  while  it  is  less  for  the  third  mode.  This  means  that  the  nonlinear  interaction 
takes  place  between  the  first  and  second  modes  on  one  hand  and  the  third  mode  on  the  other  hand.  A 
new  feature  of  considerable  interest  is  the  contrast  in  the  form  of  the  mean  square  response  curves  above 
the  exact  internal  detuning  for  a  certain  combination  of  system  parameters  and  excitation  level.  This 
is  indicated  by  multiple  solutions  over  a  finite  portion  of  internal  detuning.  The  well-known  saturation 
phenomenon  which  usually  occurs  in  deterministic  systems  with  quadratic  nonlinear  coupling  does  not 
take  place  in  the  present  case  since  the  excitation  is  random  and  includes  a  wide  range  of  frequencies 
which  always  excite  the  system  normal  modes. 

For  the  case  of  principal  internal  resonances  it  is  found  that  the  response  statistics  are  sensitive  to  small 
excitation  levels  when  the  third  and  second  modes  are  internally  tuned  However,  the  autoparametric 
interaction  is  found  to  be  only  sensitive  to  a  relatively  high  excitation  spectral  density  under  conditions 
(ii)  and  (iii).  The  stochastic  interaction  of  the  three  cases  is  characterized  by  irregular  energy  exchange 
between  the  interacted  modes. 

in.  EXPERIMENTAL  INVESTIGATION 

A  series  of  experimental  tests  are  conducted  on  a  two-degree-of-freedom  elastic  model.  The  model  is 
subjected  to  a  band-limited  random  excitation  whose  central  frequency  is  very  close  to  one  of  the  two 
normal  mode  frequencies  of  the  model.  The  band  width  is  selected  such  that  no  other  higher  modes  are 
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excited.  The  mode!  normal  mode  frequencies  are  adjusted  to  have  the  ratio  2:1.  This  ratio  is  equivalent 
to  the  condition  of  internal  resonance  of  the  analytical  model.  When  the  first  normal  mode  is  externally 
excited  the  system  mean  square  response  is  found  to  be  linearly  proportional  to  the  excitation  spectral 
density  up  to  a  certain  level  above  whi'1'  the  two  normal  modes  exhibit  discontinuity.  The  observed 
discontinuity  is  mainly  governed  by  the  internal  detuning  parameter  and  the  system  damping  ratios 
The  results  are  completely  different  when  the  second  normal  mode  is  externally  excited.  For  small  levels 
of  excitation  spectral  density  the  response  is  dominated  by  the  second  normal  mode  Under  higher 
excitation  levels  the  first  normal  mode  attends  and  interacts  nonlinearly  with  the  second  mode. 

The  measured  results  reveal  some  deviations  from  the  predicted  results.  The  deviation  is  mainly  at¬ 
tributed  to  the  fact  that  the  experimental  excitation  is  band-limited  random  excitation  while  it  is  as¬ 
sumed  wide  band  in  theory.  Experimentally  it  was  not  appropriate  to  apply  wide  band  random  excitation 
which  Will  excite  higher  modes  not  considered  in  the  mathematical  model.  Another  source  of  the  devi¬ 
ation  occurs  in  the  process  of  transformation  into  principal  coordinates.  In  theory  the  transformation 
is  performed  based  on  conservative  linear  system  and  a  diagonal  linear  damping  is  introduced  after 
transformation. 


IV.  NEW  RESEARCH  DIRECTIONS 

The  work  accomplished  during  this  period  did  not  include  the  interaction  of  aerodynamic  forces  with 
elastic  and  inertia  forces.  This  interaction  accurately  models  the  stochastic  nonlinear  flutter  which  has 
not  been  examined  in  the  open  literature.  Although  the  results  obtained  from  this  research  project 
are  new  and  essential  in  providing  more  understanding  to  the  response  of  nonlinear  dynamic  systems  to 
random  excitations,  it  is  very  important  to  examine  the  effects  of  nonlinear  interaction  with  aerodynamic 
forces.  A  new  proposal  for  three  years  support  has  been  submitted  to  the  AFOSR.  The  new  proposal 
will  examine  the  nonlinear  stochastic  flutter  in  subsonic  and  supersonic  flight  regimes  for  two  basic 
models:  a  cantilever  wing  and  a  flat  panel.  The  effect  of  Mach  number  on  the  response  mean  squares 
in  the  neighborhood  of  internal  resonance  will  be  determined.  The  analysis  will  be  performed  by  using 
the  computer  algebraic  manipulation  software  MACSYMA  on  SUN  3/260  computer  at  the  Nonlinear 
Vibration  Labaratory  of  Wayne  State  University. 
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Autoparametric  Vibration  of 
Coupled  Beams  Under  Random 
Support  Motion 

The  dynamic  response  of  a  two  degree-of- freedom  system  with  autoparametric 
coupling  to  a  wide  band  random  excitation  is  investigated.  The  analytical  modeling 
includes  quadratic  nonlinearity,  and  a  genera I  first-order  differential  equation  of  the 
moments  of  any  order  is  derived.  It  is  found  that  the  moment  equations  form  an  in¬ 
finite  hierarchy  set  which  is  closed  via  two  different  closure  methods.  These  are  the 
Gaussian  closure  and  the  non-Gaussian  closure  schemes.  The  Gaussian  closure  solu¬ 
tion  shows  that  the  system  does  not  reach  a  stationary  response  while  the  non- 
Gausstan  closure  solution  gives  a  complete  stationary  steady-state  response.  In  both 
cases,  the  response  is  obtained  in  the  neighborhood  of  the  autoparametric  internal 
resonance  condition  for  various  system  parameters. 


lalrodoctioa 

The  paper  deals  with  the  autoparametric  random  response 
of  a  system  of  coupled  beams  to  a  random  support  motion. 
The  system  resembles  an  analytical  model  of  aeroelastic  struc¬ 
tures  such  as  aircraft  wing  with  fuel  storage.  The  study  of  ran¬ 
dom  response  of  aeroelastic  structures  has  frequently  been 
considered  within  the  framework  of  linear  coupling  between 
two  or  more  degrees  of  freedom.  It  involves  (he  combination 
of  structural  dynamics  and  the  theory  of  stochastic  processes. 
The  linear  modeling  gives  (he  response  of  (he  system  in  the 
neighborhood  of  the  equilibrium  position.  However,  complex 
response  characteristics  such  as  multiple  solutions,  jump 
phenomenon,  internal  resonance,  and  limit  cycles  can  only  be 
predicted  if  the  inherent  nonlineanties  of  the  system  are 
considered. 

The  flutter  problem  of  two-  and  three-dimensional  plates 
undergoing  limit  cycle  oscillations  in  a  high  supersonic  flow 
was  examined  by  Dowell  (l|.  The  nonlinear  membrane  forces 
induced  by  the  plate  motion  resulted  in  bounded  plate 
amplitude.  In  a  series  of  investigations  (2-4),  Dzygadlo 
analyzed  the  coupled  parametric  and  self-excited  (flutter) 
vibrations  of  plates  subjected  to  periodic  varying  in-plane 
forces.  In  supersonic  gas  flow,  it  was  found  that  the  instability 
region  of  the  harmonic  resonance  shrinks  and  shifts  toward 
higher  excitation  frequencies  and  amplitudes  as  the  Mach 
number  increases. 

Eastep  and  McIntosh  |3|  investigated  panels  flutter  under 
random  excitation  and  linear  aerodynamic  loading.  The  limit 
cycle  oscillation  was  determined  by  representing  the  modal 
amplitude  by  a  Fourier  series  and  applying  the  Galerkin 
averaging  for  temporal  solution.  The  existence  of  a  limit  cycle 
was  predicted  by  studying  the  stability  state  of  small  perturba- 
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lions  about  the  limt  cycle  solution.  The  excitation  was 
represented  by  a  random  Held.  The  panel  motion  was  de¬ 
scribed  by  a  coupled  set  of  linear  nonhomogeneous  differen¬ 
tial  equations  with  harmonic  coefficients.  The  study  was  ex¬ 
tended  to  determine  the  response  of  the  panel  under  nonlinear 
aerodynamic  loading  in  the  absence  of  any  random  compo¬ 
nent.  Two  mechanisms  were  considered.  The  first  is  the 
nonlinear  interaction  between  in-plane  panel  stresses  and 
transverse  transformation.  This  interaction  provides  a  stabiliz¬ 
ing  influence  on  the  panel  in  that  it  acts  to  restrain  further 
deformation.  The  second  is  the  nonlinear  aerodynmic  loading 
which  has  a  destabilizing  effect. 

Nonlioearitics  may  enter  the  vibrating  system  through 
geometric  or  physical  sources.  The  geometric  nonlineanties 
are  identified  by  large  deformation.  Physical  nonlineanties 
arise  from  the  nonlinear  nature  of  the  physical  properties  of 
the  material  itedf.  These  nonlineanties  appear  in  the  equa¬ 
tions  of  motion  in  three  possible  forms:  elastic,  inertia  and 
damping  nonlinearities.  Elastic  nonlinearity  stems  from 
nonlinear  strain  displacement  relations  which  are  inevitable. 
Inertial  nonlinearity  are  derived,  in  a  Lagrangian  formulation, 
from  the  kinetic  energy.  A  general  and  fairly  comprehensive 
description  of  the  role  of  nonlinear  modal  interaction  under 
harmonic  excitation  was  given  by  Ibrahim  and  Barr  (6|  and 
Barr  [71-  ><  was  indicated  that  nonlinear  mode  interaction  may 
give  rise  to  what  are  effectively  parametric  instability 
phenomena  within  the  system.  The  parametric  action  is  not 
due  to  the  external  loading  but  to  the  motion  of  (he  system 
itself  and,  hence,  is  described  as  “autoparametric."  One  of 
the  main  features  of  autoparametric  coupling  is  that  responses 
of  one  part  of  the  system  give  rise  to  loading  of  another  part 
through  time-dependent  coefficients  in  the  corresponding 
equation  of  motion.  With  autoparametric  coupling  the  system 
may  experience  instability  of  internal  resonance.  Internal 
resonance  can  exist  between  two  or  more  normal  modes 
depending  on  the  degree  of  nonlinearity  admitted  into  the 
equations  of  motion.  Thus,  with  quadratic  nonlinearities,  two 
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modes  i  and  j  hiving  linear  natural  frequencies  u,  and  u 1  are  in 
intemaJ  resonance  if  uj,  »  2u,,  or  three  modes  i,j,  and  k  can  be 
in  intemaJ  resonance  if  »  lu,  I .  With  cubic  nonlinearity 
two  modes  /  and  j  can  have  internal  resonance  of  the  type 

»  (1/3Vj,  or  iii; -(2/3)u,.  Autoparametric  interaction  may 
arise  in  many  aeroelastic  configurations  such  as  airplane  wing 
with  a  store  [81  or  a  Tee-tail  plane  in  bending  (9|.  The  deter¬ 
ministic  response  of  systems  with  autoparametric  interaction 
has  been  revieweu  by  Ibrahim  [10,  II)  and  are  well 
documented  by  Evan-Iwanowslci  (12)  and  Nayfeh  and  Mook 
(131. 

The  first  treatment  of  the  autoparametric  random  interac¬ 
tion  is  believed  to  be  due  to  Ibrahim  and  Roberts  [14],  The  dif¬ 
ferential  equations  of  the  system  response  moments  were 
found  to  be  coupled  with  higher-order  moment  terms.  In  other 
words,  the  moment  equations  form  a  set  of  infinite  hierarchy. 
The  equations  were  closed  by  expressing  third  and  fourth- 
order  moments  in  terms  of  lower-order  moments  based  on  the 
assumption  that  the  response  process  is  “nearly”  Gaussian. 
The  steady-state  squares  responses  were  found  to  behave 
quasi-stationary  in  the  time  domain  in  the  neighborhood  of 
the  internal  resonance  condition  u,  -O.Ju,.  It  is  known  that 
the  result  of  any  linear  operator,  with  constant  coefficients, 
applied  to  a  random  Gaussian  process  results  in  a  Gaussian 
process.  However,  if  the  operator  is  nonlinear,  the  resulting 
operation  will  not  be  Gaussian.  Consequently,  it  is  important 
to  consider  the  effect  of  the  non-normality  of  the  response  of 
systems  involving  nonlinearities.  Schmidt  [151  employed  the 
Stratonovich  stochastic  averaging  method  to  determine  the 
response  of  a  system  with  autoparametric  interaction.  Con¬ 
trary  to  the  results  of  Ibrahim  and  Roberts,  Schmidt  found 
that  the  system  response  possesses  a  stationary  probability 
density  function.  The  discrepancy  of  the  two  results  motivated 
the  authors  to  employ  the  non-Gaussian  closure  (used  recently 
by  Wu  and  Lin  [161,  Lin  and  Wu  [171,  and  Ibrahim  and  Soun- 
dararajan  (181)  to  determine  the  response  of  an  aeroelastic 
structure  in  the  neighborhood  of  internal  resonance.  The 
method  leads  to  a  stationary  response  for  all  response 
moments  considered  in  the  analysis. 
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It  is  seen  that  the  left-hand  side  of  equations  (1)  represents 
the  linear  conservative  pan  of  the  equations  of  motion.  This 
pan  involves  dynamic  coupling.  The  first  term  on  the  right- 
hand  side  is  the  nonhomogeneous  random  excitation  (  (/),  the 
second  term  constitutes  the  parametric  effect  of  the  excitation, 
vl|  and  J.;.  in  the  third  expression,  include  all  quadratic 
nonlinearities.  The  linear  eigenvalues  and  eigenvectors  of 
system  (I)  are  determined  by  setting  the  right-hand  side  to 
zero.  The  eigenvectors  are  used  in  establishing  the  linear 
transformation  into  the  principal  coordinates  X,,  i.e. 

I<7l=[/?lin  (3) 

where  [R]  is  the  modal  matrix  which  is  given  in  the  Appendix. 

Premultiplying  equations  (1)  by  [R] " 1  [m]  ~ 1 ,  where  [m|  is 
the  mass  matrix,  and  introducing  transformation  (3)  gives 


Theoretical  Analysis 

Figure  I  shows  a  schematic  diagram  of  an  airplane  wing 
with  fuel  storage.  The  wing  and  the  storage  are  modeled  by 
equivalent  two  beams  having  stiffnesses  *,  and  *,,  and  end 
masses  m,  and  m,,  respectively.  Under  random  support  ac¬ 
celeration  f(r)  the  wind  end  moves  vertically  (<?,)  and,  under 
the  conditions  of  internal  resonance,  the  mass  m2  moves 
laterally  (q2).  The  mathematical  modeling  can  be  derived  via 
the  Lagrangian  formulation.  Both  the  axial  and  lateral  com¬ 
ponents  of  the  velocity  of  the  wing  and  the  fuel  storage  are  in¬ 
cluded  in  determining  the  kinetic  energy  and,  by  using  the 
static  deformation  curve  of  the  cantilever,  these  components 
are  found  to  be  in  the  ratio  6q,/5/„  where  /,  is  the  length  of 
beam  i.  The  equations  of  motion  in  terms  of  the  generalized 
coordinates  q,  are  (9) 
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where  a  linear  viscous  damping  is  incorporated,  and  r  » 
«,/u,  is  the  ratio  of  the  normal  mode  frequencies.  The  non- 
dimensional  principal  coordinates  X,  and  Y2  are  related  to  the 
dimensional  principal  coordinates  y,  and  y2  through  the 
relationship 

IX,.  X,|-|yl..V,|/<7?  (5) 

where  q°,  is  the  response  root  mean  square  of  the  system  when 
the  length  of  the  vertical  beam  shrinks  to  zero,  i.e.,  the 
response  of  the  wing  beam  with  end  mass  (m,  +  m,).  A  prime 
denotes  differentiation  with  respect  to  the  time  parameter  r  = 
u,r.  The  nonlinear  functions  and  l2  are 

*1  -a,  X,  Xf+  e,  X,  X,'+  B,  X,  X,*+ a,  X,  X,'+  a,  Y? 

+  a*  X,' X2' +  a,0  X,"2 


r  xr 

Ik,- 


2f,  0 

0  2f,z 
1  0 
0 


H 


=  r  (r) 


+  «{'(r> 


+  e 


V 

a,  a, 

b2  b,  J 


(4) 


422  /  Vol.  108,  OCTOBER  1986 


Tranaactlona  of  tha  ASME 


i,-b,  y,  Y;+b,Yt  y:  +.  y,  y; + *,  y2  y;  +  6,  y;! 
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The  coefficient  a,  and  b,  depend  on  the  system  parameters. 

Expressions  (6)  include  all  quadratic  nonlinear  terms  which 
can  be  divided  into  two  classes:  nonlinear  terms  of  the  same 
mode  and  autoparametric  terms  such  as  Y,  Y".  The  auto- 
parametric  lerms  give  rise  to  the  internal  resonance  condition  r 
=  *  0.5. 

The  random  acceleration  { '  (r)  is  assumed  to  be  Gaussian 
wide  band  random  process  with  zero  mean  and  a  smooth  spec¬ 
tral  density  ID  up  to  some  frequency  which  is  higher  than  any 
characteristic  frequency  of  the  system.  If  the  acceleration 
terms  are  removed  from  the  nonlinear  part  of  equations  (4)  by 
successive  elimination,  equations  (4)  may  be  approximated  by 
a  set  of  Ito’s  equations  and  the  response  coordinates  constitute 
a  Markov  process.  Introducing  the  coordinate  transformation 

I  Y,,Y1,Y;.Yi\  =  \Xl.Xi,X„X<\  (7) 

equations  (4)  can  be  written  by  the  following  set  of  Ito's 
equations: 

x;-x, 

Xi-X, 

x;  =  -X,~  2f,  X,  -  a.Xf  -  (a,  +  A  a,  )X,  X2  -  A  a-,  XI 
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—  (B,  +B2Xt  +  B2X2  +  B,X]  +  B,  X{  X2  +  BtX\)  W(  r ) 

(8) 

where  the  coefficients  A,  and  8.  depend  on  a,  and  b  . 

In  equations  (8),  the  random  acceleration  has  been  replaced 
by  the  white-noise  process  lF<r)  where  the  Wong-Zakai  (19) 
correction  term  is  zero.  The  autocorrelation  function  of  IP(t> 
is  defined  by  the  well-known  relation 

K„<r')=ElK'(r)»'(T  +  7')]  =  2£»<r'>  (9) 

where  2D  is  the  spectral  density,  and  H  )  is  the  Dirac  delta 
function. 

In  view  of  the  complexity  of  the  state  equations  (8)  it  is  not 
expected  to  obtain  a  stationary  solution  for  the  corresponding 
Fokker-Planck  equation.  Instead,  it  is  possible  to  generate  a 
general  differential  equation  for  all  possible  moments  by  using 
the  Ito  stochastic  calculus  (20)  or  the  Fokker-Planck  equation 
[21|.  It  is  not  difficult  to  show  that  the  differential  equation  of 
the  response  joint  moments  is  given  in  the  form 
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where  the  definition 

'",/*/=  (  _  ■  •  j4r’lA'4Jf?2fip(X,r)dJf,.  .  dX, 

-EIJf.ji’jArfr*] 
has  been  adopted. 

It  IS  seen  that  a  moment  equation  of  order  n  =  i  +-y  »  k  +  / 
contains  moments  of  order  n  and  n  +  I .  In  order  to  solve  for 
the  steady-state  response  the  moment  equations  must  be  dos¬ 
ed.  The  response  moments  will  be  determined  by  using  Gaus¬ 
sian  and  non-Gaussian  closure  schemes. 


Gaussian  Closure  Solution 

From  the  general  differential  equation  (10),  one  can 
generate  four  equations  for  the  first-order  moments  and  ten 
equations  for  the  second-order  moments.  These  equations  are. 
however,  coupled  through  third-order  moment  terms.  In  this 
section,  the  14  equations  will  be  dosed  by  making  the  assump¬ 
tion  that  the  system  nonlinearities  are  too  small  to  the  extent 
that  the  response  can  be  regarded  as  nearly  Gaussian.  In  this 
case,  the  cubic  semi-invariants  vanish  and  third-order  moment 
terms  can  be  written  in  terms  of  lower -order  moments,  i.e. 

* 

\2{X,X,Xk\  =  E[X,X,Xk\-  2 

+  2E\X,]E\Xj]E\Xk]  -0  (ID 

where  the  number  over  the  summation  sign  refers  to  the 
number  of  terms  generated  by  the  indicated  expression 
without  allowing  permutation  of  indices. 

The  closed  14  coupled  equations  are  solved  numerically  by 
using  the  IMSL-DVERK  Routine  (Runge -Kutta-Vemer  fifth 
and  sixth-order  numerical  integration  method).  The  transient 
and  steady-state  responses  of  the  system  mean  square 
displacements  £iyfj  and  £TF?|  are  plotted  in  Fig.  2  for  inter¬ 
nal  resonance  ratio  r  »  0.5,  mass  ratio  m2/m,  =0.2,  beams 
length  ratio  l2/l,  =  0.6,  and  <  =  0.02.  It  is  seen  that  the 
steady-state  response  fluctuates  between  two  boundaries 
which  will  be  referred  to  as  lower  and  upper  limits.  Repeating 
the  numerical  integration  for  various  values  of  the  internal 
resonance  parameter  r  »  0.5  ±  <,  one  can  examine  the  effect 
of  the  system  parameters  upon  the  response  mean  squares. 

The  effect  of  damping  ratios  f,  and  f2  is  shown  in  Fig.  3(a). 
It  is  seen  that  the  region  of  autoparameteric  interaction 
becomes  wider  as  the  damping  ratios  decrease.  Figure  3(b) 
shows  the  influence  of  the  nonlinear  coupling  t.  For  very  small 
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« the  system  does  not  reflect  any  autoparametric  coupling  for 
the  whole  range  of  internal  resonance  ratio.  As  e  increases  the 
system  enters  the  region  of  autoparametric  interaction.  This 
region  becomes  wider  as  <  increases.  The  effect  of  the  mass 
ratio  is  shown  in  Ftg.  3(c). 

Non-Gaussian  Closure  Solution 

Since  the  system  is  nonlinear,  the  response  process  is  not 
Gaussian  distributed  and  the  corresponding  third  and  higher- 
order  semi-invariants  will  not  vanish.  These  higher  semi¬ 
invariants  give  a  measure  to  the  deviation  of  the  response  from 
normality.  However,  their  contribution  diminishes  as  their 
order  increases  if  the  process  is  slightly  deviated  from  Gaus¬ 


sian.  Thus  one  can  establish  a  better  approximation  if  fifth 
and  higher-order  semi-invariants  will  be  equated  to  zero.  i.e. 

X,  [X,X,X,X,Xm] -  E\X:X,X,X,Xm) 

5 

-  £  E[X,)E\X,XtX,Xm\ 

10 

+  2  £  E[X, \E[X,\E[XkX,Xm\ 

10 

-6  £  £tf,l£l*,l£l*,)£IAVY,.] 


Fig.  2  Transient  and  staady-stata  responses  baaad  on  Gaussian 
closure  solution;  (r  -  0.5,  ft  ■  ft  -  0.02,  m2/m1  -  0  J2, «  ■  0.02) 


i$ 

+  2  £  E\X,\E[X,Xt\E\X,Xm] 

10 

-  £  E[X,XI\E[XtX,Xm  1 

+  24£tA’,)£tJr;)£lJrt)£lA-,l£(A'.|=0  (12) 

From  equation  (10),  one  can  generate  moment  equations  of 
order  up  to  four.  This  will  result  in  69  equations  which  are 
coupled  and  contain  fifth-order  moment  terms.  Replacing 
fifth-moment  terms  in  terms  of  lower-order  moments  by  using 
relations  (12),  the  69  equations  will  be  closed.  The  resulting  69 
coupled  differential  equations  are  solved  numerically  by  using 
the  IMSL-DVERK  subroutine.  Figure  4  exemplifies  the  time 
history  response  of  the  displacement  mean  squares  for  internal 
resonance  ratio  r  -  0.5  and  damping  ratios  f,  =  f.  =  0.02. 
During  the  transient  period  the  mean  square  of  the  first  nor¬ 
mal  mode  displacement  grows  until  it  reaches  a  peak  value  at  r 
«  60  then  drops  to  a  lower  level  at  r  »  150.  The  mean  square 
of  the  second  normal  mode  displacement  grows  much  slower 
until  it  reaches  it  peak  at  r  *  150  which  is  the  time  at  which 
the  first  normal  mode  mean  square  reaches  its  minimum 
value.  This  feature  reflects  the  fact  that  the  two  normal 
modes  exchange  energy  during  a  transient  period  after  which 
each  mode  shows  a  complete  stationary  response.  Unlike  the 
Gaussian  closure  solution  described  in  the  previous  section, 
the  non-Gaussian  closure  solution  brings  the  system  into  a  sta¬ 
tionary  state.  The  stationarity  of  the  solution  is  confirmed  by 
setting  the  left-hand  sides  of  the  closed  69  equations  to  zero 
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and  the  resulting  nonlinear  algebraic  equations  were  solved 
numerically  by  using  the  ZSCNT  subroutine  which  is  basically 
the  Secant  method  for  simultaneous  nonlinear  equations.  The 
algebraic  solution  is  found  identical  to  the  stationary  solution 
obtained  by  numerical  integration.  Originally,  the  authors 
tried  to  obtain  an  algebraic  solution  for  the  14  equations 
closed  by  the  Gaussian  closure  scheme.  However,  the  solution 
did  not  converge  for  all  possible  guessing  values.  This  shows 
that  the  Gaussian  closure  scheme  is  not  adequate  to  model  the 
system  nonlinearity  and  thus  results  in  a  nonstationary  solu¬ 
tion.  The  validity  of  the  stationarity  was  previously  verified  by 
Schmidt  [15]  who  obtained  a  stationary  solution  of  the 


Fokker-Plenck  equation  of  a  nonlinear  two-degree-of- 
freedom  system  via  the  stochastic  averaging  method. 
However,  Schmidt  did  not  determine  the  constant  of  integra¬ 
tion  from  the  normalized  condition. 

The  numerical  integration  of  the  69  closed  differential 
resonance  ration  r-0.5±t.  The  influence  of  the  damping 
ratios,  nonlinear  coupling  parameter  e,  and  mass  ratio  are 
shown  in  Figs.  5(a-c),  respectively.  The  effect  of  these 
parameters  on  the  response  mean  squares  is  similar  to  their  ef¬ 
fect  in  the  Gaussian  solution  curves;  however,  the  response 
curves  have  one  branch  which  is  located  within  the  limiting 
curves  of  the  Gaussian  solution. 

CoBdaaioM 

The  random  response  of  a  coupled  beam  system  with 
quadratic  autoparametric  interaction  is  investigated  in  the 
neighborhood  of  the  critical  region  of  internal  resonance.  A 
general  differential  equation  of  the  response  moments  of  any 
order  has  been  derived  and  found  to  represent  an  infinite 
hierarchy  set.  Two  closure  techniques  have  been  employed. 
These  art  the  Gaussian  and  non-Gaussian  closures.  The  Gaus¬ 
sian  closure  led  to  a  set  of  14  coupled  nonlinear  equations  for 
the  first  and  second  moments  of  the  system  responses.  The 
non-Gaussian  closure  gave  69  coupled  nonlinear  equations  for 
the  first  through  fourth  moments.  The  two  sets  of  differential 
equations  were  solved  by  a  numerical  integration  algorithm. 
The  Gaussian  closure  solution  led  to  a  nonstationary  response 
for  all  even  order  moments  while  the  non-Gaussian  closure 
solution  showed  that  the  system  reached  a  stationary  state. 
The  influence  of  the  system  parameters  upon  the  response 
mean  squares  were  examined  over  a  range  of  internal 
resonance  within  which  the  system  autoparametric  interaction 
took  place. 
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The  linear  and  autoparametric  modal  interactions  in  a  three  defree-of-freedom  structure  under 
wide  band  random  excitation  are  examined.  For  a  structure  with  constant  parameters  the  linear 
response  is  obtained  in  a  closed  form.  When  the  structure  stiffness  matrix  involves  random 
fluctuations,  the  governing  equations  of  motion,  in  terms  of  the  normal  coordinates,  are  found  to 
be  coupled  through  parametric  terms.  The  structural  response  is  mainly  governed  by  the  condition 
of  mean  square  stability.  The  boundary  of  stable-unstable  responses  is  obtained  as  a  function  of 
the  internal  detuning  parameter.  The  results  of  the  linear  system  with  constant  parameters  are 
used  as  a  reference  to  measure  the  deviation  of  the  system  response  when  the  nonlinear  inertia 
coupling  is  included.  In  the  neighbourhood  of  combination  internal  resonance  the  system  random 
response  is  determined  by  using  the  Fokker  Planck  equation  approach  together  with  the  Gaussian 
closure  scheme.  This  approach  results  in  27  coupled  first  order  differential  equations  in  the  first 
and  second  response  moments.  These  equations  are  solved  numerically.  The  response  is  found  to 
deviate  significantly  from  the  linear  solution  when  the  system  internal  detuning  is  close  to  the  exact 
internal  resonance.  The  autoparametric  interaction  is  found  to  depend  significantly  on  the  system 
damping  ratios  and  a  nonlinear  coupling  parameter.  In  the  vicinity  of  combination  internal 
resonance,  the  second  normal  mode  mean  square  exhibits  an  increase  associated  with  a 
corresponding  decrease  in  the  first  and  third  normal  modes. 


I.  INTRODUCTION 

The  modal  analysis  of  aerolastic  structures  is  usually 
carried  out  by  using  one  of  the  available  computer  codes 
for  eigenvalues  and  eigenvectors.  These  computer 
algorithms  are  useful  in  determining  the  structural 
dynamic  behavior  under  various  types  of  excitations.  The 
first  step  usually  involves  the  determination  of 
eigenvalues  and  eigenvectors.  With  this  information  one 
can  determine  the  linear  response  to  deterministric  or 
random  excitations.  For  systems  with  constant 
parameters  the  mean  square  response  to  external  white 
noise  is  linearly  proportional  to  the  excitation  spectral 
density.  If  the  excitation  is  acting  parametrically  to  the 
system  the  equilibrium  state  could  be  stable  or  unstable  in 
a  stochastic  sense.  In  certain  situations  the  structure  may 
not  behave  according  to  the  linear  theory  of  small 
oscillations  and  a  number  of  complex  response 
characteristics  such  as  amplitude  jump,  internal 
resonance,  saturation  phenomenon,  and  chaotic 
motion12  may  be  observed.  These  new  characteristics 
owe  their  origin  to  the  system  inherent  nonlinearities 
which  should  not  be  ignored  in  dynamic  analysis. 

In  aircraft  structures  several  types  of  nonlinearities 
have  been  reported.  Breitbach3  classified  structural 
nonlinearities  into  distributed  and  concentrated. 
Distribution  nonlinearity  is  induced  by  elastic 
deformation  in  riveted,  screwed  and  bolted  connections 
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as  well  as  within  the  structural  components  themselves. 
Concentrated  nonlinearity  acts  locally  lumped  in  control 
mechanisms  or  in  the  connecting  parts  between  wing  and 
external  stores.  This  nonlinearity  results  from  back -lash 
in  the  linkage  elements  of  the  control  system,  dry  friction 
in  control  cable  and  push  rod  ducts,  kinematic  limitation 
of  the  control  surface  deflection,  and  application  of  spring 
tab  system  provided  for  relieving  pilot  operation. 
Breitbach*  determined  the  flutter  boundaries  for  three 
different  configurations  distinguished  by  different  types  of 
nonlinearities  in  the  rudder  and  aileron  control  system  of 
a  sailplane.  It  was  shown  that  the  influence  of  hysteretic 
damping  results  in  a  considerable  stabilizing  effect  and  an 
increase  in  the  flutter  speed.  However,  this  special  type  of 
non-linearity  does  not  bring  the  structural  response  into  a 
bounded  limit  cycle.  Similar  effects  of  nonlinearities  due 
to  friction  and  back -lash  were  considered  by  De  Ferrari  et 
alf,  Peloubet  et  al.t.  Reed  er  al.'  and  Desmarais  and 
Reed*  examined  the  effects  of  control  system 
nonlinearities,  such  as  actuator  force  or  deflection  limits, 
on  the  performance  of  an  active  flutter  suppression 
system.  It  was  shown'  that  a  nonlinear  system  which  is 
stable  with  respect  to  small  disturbances  may  be  unstable 
with  respect  to  large  ones.  Another  important  feature  was 
that  a  store  on  r-  pylon  with  low  pitch  stiffness  can  provide 
substantial  increase  in  flutter  speed  and  reduce  the 
dependency  of  flutter  on  the  mass  and  inertia  of  stores 
relative  to  that  of  stiff-mounted  stores. 

In  structural  dynamics,  the  nonlinearity  may  take  one 
of  three  classes910:  elastic,  inertia,  and  damping 
nonlinearities.  Elastic  nonlinearity  stems  from  nonlinear 
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strain-displacement  relations  which  are  inevitable.  Inertia 
nonlinearity  is  derived,  in  Lagrangian  formulation,  from 
the  kinetic  energy  In  multi-degree-of-freedom  systems 
the  normal  modes  may  involve  nonlinear  inertia  coupling 
which  may  give  rise  to  what  are  effectively  parametric 
instability  phenomena  within  the  system.  The  parametric 
action  is  not  due  to  the  external  loading,  as  in  the  case  of 
parametric  vibration,  but  to  the  motion  of  the  system 
itself  and.  hence,  is  described  as  autoparametric " .  The 
main  feature  of  autoparametric  coupling  is  that  responses 
of  one  component  of  the  structure  give  rise  to  loading  of 
another  component  through  time-independent 
coefficients  in  the  corresponding  equation  of  motion.  The 
deterministic  autoparametric  interactions  in  two  and 
three  freedom  systems  were  examined  by  Barr  and 
Ashworth1*.  Haddow  et  al.‘3.  Ibrahim  et  al.'4.  and 
Ibrahim  and  Woodal15.  These  studies  have  shown  that 
the  mode  which  is  externally  excited  exhibits  a  saturation 
phenomenon  in  which  energy  is  transferred  to  other 
modes  involved  in  the  nonlinear  coupling.  The  stochastic 
aspects  of  parametric  and  autoparametric  vibrations  have 
recently  been  documented  in  a  recent  research 
monograph  by  Ibrahim"’. 

To  the  authors'  knowledge  the  random  response  of 
systems  with  autoparametric  coupling  has  been  restricted 
to  two-degree-of-freedom  systems.  This  paper  deals  with 
the  linear  and  nonlinear  modal  interactions  of  a  three 
degree -of-freedom  aeroelastic  structure  subjected  to 
random  excitation.  The  deterministic  responses  of  this 
model  under  various  internal  resonance  conditions 
V/c.oi^O  (where  k,  are  integers  and  <u,  are  the  system 
normal  mode  frequencies!  have  been  determined  by 
Ibrahim  et  al.'4'3.  The  system  involves  quadratic 
nonlinear  inertia  which  couples  the  system  normal 
modes.  It  was  shown  that  under  principal  internal 
resonance,  the  mode  which  is  directly  excited  is 
suppressed  and  energy  is  transferred  to  the  other  mode. 
When  the  structure  possess  combination  internal 
resonance  of  the  summed  type  the  normal  mode 
amplitudes  did  not  achieve  a  steady  state  and  the 
response  is  characterized  by  energy  exchange  between  the 
three  modes. 

The  main  objectives  of  this  paper  are  to  present  the 
linear,  parametric  and  autoparametric  random  responses 
of  the  same  aeroelastic  model  considered  in  Refs  14  and 
15.  The  mean  square  responses  will  be  evaluated  for  a 
model  with  constant  parameters  and  for  a  model  with 
random  variations  in  its  stiffness  matrix.  The  nonlinear 
random  response  of  the  system  in  the  neighbourhood  of 
combination  internal  resonance  of  the  summed  type  will 
be  determined  by  using  the  Fokker  Planck  equation 
approach  together  with  a  Gaussian  closure  scheme,  The 
effects  of  the  system  nonlinearity  and  damping 
coefficients  on  the  mean  square  responses  will  be 
examined. 


II.  BASIC  MODEL  AND  EQUATIONS  OF 
MOTION 

Fig.  1  shows  a  schematic  diagram  of  an  analytical  model 
of  an  aircraft  subjected  to  random  excitation  Fit).  The 
fuselage  is  represented  by  the  main  mass  m3,  linear  spring 
K3,  and  dashpot  C3.  Attached  to  the  main  mass  on  each 
side  are  two  coupled  beams  with  tip  masses  m,  and  m2, 
stiffnesses  AC,  and  AC2.  and  lengths/,  and  /2.  In  the  analysis 


Fii).  I.  Schematic  diagram  of  an  aeroelastic  Structure 
and  Coordinate  System 


of  the  shown  system  only  the  symmetric  motions  of  the 
two  sides  of  the  model  are  considered.  Under  random 
excitation  the  system  response  will  be  described  by  the 
generalized  coordinates  g,.  g2-  anc*  4s  as  shown  in  the 
figure.  The  equations  of  motion  are  derived  by  applying 
Lagrange's  equation 


where  L=T-V. 

The  kinetic  energy  T  is  given  by  the  expression1 


where  a  dot  denotes  differentiation  with  respect  to  time  t 
Neglecting  the  gravitational  effects,  the  potential  energy 
V  is  given  by 

V=  1  2(k,qf  -t-k2qj  +  kj4jl  l?l 

Substituting  for  T  and  V  in  equation  1 1 1,  and  considering 
Fit)  as  the  only  nonconservative  force  idamping  forces 
will  be  introduced  later)  results  in  the  equations  of  motion 
in  terms  of  the  nondimensional  coordinates  g,. 


where 


</(=</('<?  i.  t  =  w3i 

q3  is  taken  as  the  root-mean-square  of  the  main  mass 
when  all  other  parts  are  locked  under  forced  excitation. 
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at,  is  taken  as  the  third  eigenvalue  of  the  system,  and 
mu  =m,  +  m2[l  +  2.25  (/2;7,)2] 

m22=m2 

m33  =  fti|  +m2  +m3 
mi2  =  1.5m2(/2  /, > 
m,3  =m,  +m2 

1^,  =  m2[0.45(/2/f)(2q,</,  +  </;  +  5q,i/„) 

+  ( 1.5/7,  )(0.2q,42  +  q2q2  +  2q2qt  +  2 q,q2) 

+  (l.2/l2)(q2q2+qi)  (5) 

where  a  prime  denotes  differentiation  with  respect  to  the 
dimensionless  time  t. 


HI.  eigenvalues  of  the  system 

The  system  eigenvalues  are  determined  from  the 
conservative  linear  part  of  the  equations  of  motion 

[»»]{«} +[*]{«!-{<>} 

The  characteristic  equation  of  (6)  is 

Det|[k]-cu3[m]|  =  0  (7) 

where  w  is  the  eigenvalue  of  the  mode  in  question. 
Expanding  the  determinant  gives  the  cubic  equation 


where  the  frequency  parameters  are  the 

natural  frequencies  of  the  individual  components  of  the 
structure.  The  IMSL  (International  Mathematical  and 
Statistical  Library)  Subroutine  ZPOLR  (Zeros  of  a 
Polynomial  with  Real  Coefficients)  is  used  to  find  the 
roots  of  equation  (8)  numerically.  Fig.  2  shows  a  sample 
of  the  dependence  of  the  natural  frequency  ration  r  =  o;3, 
(to,  +a>2)  on  the  ratios  cou/ai33  and  («22/tu33  for  beams 
length  ratio /2//,  =0.25,  and  mass  ratios  ffi2/m,  =0.5,  and 
m3/m,  =  5.0.  Other  sets  of  curves  for  different  system 
parameters  are  obtained  and  reported  in  Ref.  17.  The 
importance  of  these  curves  is  to  define  the  critical  points 
where  the  structure  possesses  internal  combination 
resonance  r=  1.0.  It  is  seen  that  the  most  critical  region  is 
located  for  the  curves  of  ai22/co33  =  I  and  2.  For  the 
analysis  hereafter  the  following  parameters  will  be  used: 
1 2  //2  =  0.25,  cu22  /co33  =  1.4. 


IV.  TRANSFORMATION  INTO  NORMAL 
COORDINATES 

r  Equations  (4)  include  linear  and  nonlinear  dynamic 

couplings.  The  linear  coupling  is  eliminated  by 
transforming  equations  (4)  into  normalized  coordinates 


Fig.  2.  Dependence  of  frequency  ratio  on  system 
parameters  for  12/1,  =0.25.  m2  m,  =0.5.  m3  m,  =5 


Y„  by  using  the  transformation 


!#:  =[«]■:>': 


|9I 


where  [/?]  is  the  modal  matrix  consisting  of  the 
normalized  eigenvectors. 


1  I 
it,  n3 


n,  n2  n3 


(101 


the  elements  of  matrix  (10)  are  determined  by  using  the 
decomposition  method18  and  are  listed  in  Ref  17. 

Rewriting  equations  (4)  in  the  matrix  form  and  using 
transformation  19)  gives 

0»][*]{H  +[*][«]{  Y\~  If!  -{*!  Ill) 

Premultiplying  equation  111)  by  the  transpose  of  ihe 
modal  matrix  results  in  diagonalizing  the  mass  and 
stiffness  matrices.  The  resulting  equations  involve 
nonlinear  coupling  and  have  the  form 


'Mi, 

0 

0  ■ 

k  1 1 

0 

0  ‘ 

f  y,  I 

0 

m22 

0 

|y2  |+k, 

0 

k22 

0 

1  ' 2 

.0 

0 

M„. 

1  >  \i  J 

.0 

0 

k22 - 

I  >1 J 

1  hFIxitU})  1 

2  1  *i  j 

(12 

i  h2Ffrlu>2) 

'"jljuts  1  ,  1 

/,  r 2  1 

1  h}F(  t/(o3)  1 

Ujl 

where 

M,i  =  1  +  x(  1  +  2.25/S2  +  3/In,  +  2h,  +  nf  +  nf  I 
+  [1  +m3/,m)]nf  +  2n 
k„  =  1  +  (k2  /k ,  )nf  +  ik3  :k ,  )n2 
i/i,  =  y,(L„  1y1  +  L,2,y2  +  L,3ly3) 

+  >'jff-ii23'i  +  L,22y2  +  L,32v3) 

4  ,v3(L,i  3y  i  +  L,23y2  +  L(2Jy2  +  Lt33y3) 
+  Mil  ty  i2  +  M  ,22yi2  +  M  ,33>i2 
+  M  „  2y’,  y'2  +  M„  3y +  Mi2  3y'2yj 
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x  =  m2  mx.  /?  =  /,/, 

L  ^  =  0.90  +  2.250 it t  +  OJn,  +  1  5«(n,  +  3ny 

+  ll.2/^)(ijHk  +-n,[0.3+  1.5nk  +  (1.2/0)n,|l  +  hk)] 

+  nl[2.25^  +  1 .5<n,  +  nk)  + 1 1 ,2//))n/ik] 

Vf  lrk  =  0.9/3  +  3(«j  -r  nK )  +  (2.4  /J)nJnk 

-  2.4n,  +  *[4.50  +  3  (ttj  +  nk)  +  (2.4/0  kiyt^] 
ij*k) 

Vf,„  =  0.45/1  +  3n,  +  ( 1 .2/0)nj 

-  1.2n,  +  h<£2.25/f  +  3n,-t-(l.2//J)niJ] 

(;  =  k  =  I)  (131 


V.  DYNAMIC  MOMENT  EQUATIONS 

The  response  coordinates  can  be  approximated  as  a 
Markov  vector  if  the  random  excitation  is  approximated 
as  a  zero  mean  physical  white  noise  W(t)  having  the 
autocorrelation  function 

R„(At)  =  E[W'(r)fV'(r  +  Ar )]  =  2D<S(Ar )  (141 

where  2D  is  (he  spectral  density  intensity  and  d(  I  is  the 
Dirac  delta  function.  This  modelling  is  justified  as  long 
as  the  relevant  Wong-Zakai16  correction  term  is 
introduced.  The  non-linear  functions  i//,  contain 
acceleration  terms  coupled  with  displacement 
coordinates  such  as  Y"  Yr  These  terms  are  removed  from 
equations  (12)  by  successive  elimination  by  using 
MACSYMA  software.  Equations  (121  take  the  new  form 

VI  +  2.V.J  Y]+rf3  Y.  =  /,W|r)+£q,(Y.  V)  (15) 

where  linear  viscous  damping  terms  have  neen  introduced 
to  account  for  energy  dissipation,  and 

<o?  =  «cH/iW|i)(k,  m,l.  r,j  =  av<o3, 

/  =  VAf„,  e  =  </3,/, 


W'(t)  =  — 4— Firm,) 
qjuijm, 


Introducing  the  transformation  into  the  Markov  state 
vector  X 

{Y„Y\,Y1,Y’1.Y1.r1}  =  {Xl,X2 . X,!  (16) 

equations  (15)  may  be  written  in  the  standard  form  of 
Stratonovich  differential  equations 


dX,  =  F,(X.r)dT  +  £  GylX.tldBjIr)  (17) 


where  the  white  noise  W(t)  has  been  replaced  by  the 
formal  derivative  of  the  Brownian  motion  process  fl(r). 

i.e., 

WlT)  =  a  dB(T)/dT,  a2  =  2D 

Alternatively,  equations  (17)  may  in  turn  be 
transformed  into  the  Ito  type  equation 


d*,«U.t>4l  lGk((X.r)^ll!ldt 

4**1  jm  l  CAk 


+  X  G,,(X, r)dBy(r) 
)- 1 


(18) 


where  the  double  summation  expression  is  called  the 
Wong-Zakai  correction  term16. 

The  system  stochastic  Ito  equations  are 

dX,  =  X2dT.  dX3  =  X4dT,  dX5  =  X„dt 

dX  2  =  —  ■j^ir,  3X2  +rf  3Yi  +—  [( —  2, ,r,  j.r2  —  r\  j.Yj ) 

x(L,11X1+L121Xj  +  L1j1X,) 

—  (2s2r22Y4-i-r22Y3) 

x  (L,  |2Y|  +  L,22Y3  +  L,  j2Y5)  —  (  +  2,2X6  .Ys) 
X  (f-1  1  3X  [  +  L\  23X  3  +  Lx  33X5  1  +  1  1  X  2 

+  M122Yi  +  M,  33Xi 

+  M, , 2 X2 Xt  +  M , ,  3X2X.  +  W, 23Y4.Y  J  [  dr 
+  |/i  -  77—  [/1  (f-m  X ,  -t-  T, 2 ,  .Y3  +  t,  j ,  .Y,  I 

+  /2^l  I  2^1  +  i-UlX  3  +  ^-1  32 5  * 

+./3<wvt  +l123x  3  +  l,33.y5)] 

+  t; — u — ^-22 »-^3  5) 

MuM22 

+  /2^212^ I  +  ^222^ 3  '♦"^2  32-X  5  ^ 

+  {/3^2l3^  1  +  ^223'^  3 

+  L233Xs)](Lt,2Xi  +  L122X3  +  32^5  ) 

+  T: - TJ — [.M^31l*^  1  +^32l*^3'i'^-33|  X  <) 

.V7nM33 

+  /2^312^J  4'^322'^3 
+  ^322^5^  +  /3^3l  3'^  l  +  ^32  3  ^3 
+  ^333^s)]  +  ^-113^1 

+  L,2  3/Y3  -i-  L133,Y5)j  dB 


dX*  = 


1  V  63C  s 

“  j  2^2r 23-^4  +  r23^ 3  +  ^  D  “  ->  lr\  3'X  2  ~  rT 3-^  1  > 

X  (L21  1  X  ;  +  L,22^V  3  +  ^231^5) 

—  ^2r 23-^4  +  r2 3-^3  I 
X  (L2i2xV  1  +  L2 22^3  +  ^*232^5^ 

-(2:3^  +  zV5) 


x  (L2|  3/Y  1  +  ^223^3  +  ^-2  3  3^5^ 

+  M2n^  +  M222^  +  M233^ 

+  M2 ,2  X2X4  +  M21 3X  2  X,  +  M  223-KaX,,]  {•  dr 


^211  ^  I  +  ^221^  3  +  ^231*^5^ 


+  /2^212^1  +  ^222^3  +  ^232^3^ 
+  /3^2J3-^1  +  ^-223^3 


+  L233-Y)]  + 


M2JMn 
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X  Ul^l  1 1  +  ^121-^3  +  ^-1  31 -^s) 

zX\  +  Lx22X  1  +  Lli2  X5) 
+fi(Lu2X i  +  L\23X  3  +  Lii3X 5)] 

x  ^2 j  1 X y  +  L22iX 3  +  L23XX5)  +  —  — 

X  C/l^3l  1^1  +  ^321*^3  +  ^33J*^5) 

+  ^2^31  lX  J  +  ^-322^3  + ^332^5  ) 

+  J^^MiX  l  +  £423X3 +  L333X}}] 

X  ^213^ l  +  £-2  3^  3  +  £-233X3  )1  dB 


dXh  = 


-  2;3X6 + .y5 +— [( - 2 ;,rt 3x2  - rf 3* , ) 

(  ”33 

*  ILjuXi  +  L32lX 3  +  L33lX5) 

“^2r  23^4  +  r23-^  3) 

X  (^312-^  1  +  L322X  3  4*  £-332X3) 

-iZtX'.+x,)  a313x, 

X  ^323^3  +  ^-333  ^5) 

+  -V  J  J  J  Xi  +  M  322X  J  +  .V/333  AT  J 

+  Mjl2*J.Y1  +  Af313.Y:.Y6.V/32jX4.Y(>]fdr 


+  ls~Tj  [il^lu''l  +  ^321-^3  +  ^-331'^fl 
V'33 

+  /2l^-3l2-^l  ^  3  2  2  3  +  L,3lX  5) 

+  ^3^313-^  I  +  L)2}.X  3  +  t-333.Y,  )] 

+  w  w  Kt^m-Vi  +  i-,i,.Y3  +  L|3,.Y<) 

MsiM  1 1 

+J,^i  1 2 AT ,  •*-  L122.Y3  +  L,  32.Y,I 
"T/sK  i3-Y|  -*-L,23.Y3  +  L,3jA  ,  j] 
x  1^*31  I  -Y  1  ■*■  ^-32 1  'Y  3  +  J -V »  ) 

'  C/l  t^2l  I  I  +  K2K  3  ■**  KiKsI 


Mjj.Vf22' 

+  A I  Kl  2-^1  +  ^-2  22-^3  *■  K  22  X  1 1 

—  i  2^2  I  3-^1  +  ^-22  3-^3  *  ^2  3  3'Y3|] 

x*^312'^l  T-  ^222^  J  +  ^332-^5  )|  dB  1 19) 


incremental  moments  evaluated  as  follows 
u,lX.rl  =  lim  'E[.Y,tr  f  An- A'.iri] 

A1)(X.r)=  lim  £[,l.Y1lr-<-Ari-.YIi:i 

it  -  0  Ar 

x  |.Y;(r  +  Arl-  A',m;]  ■ -I  ■ 

The  coefficients  u,  and  bt]  are  evaluated  lor  the  present 
system  with  the  aid  of  MACSYMA  program  It  i>  not 
possible  to  solve  the  resulting  Fokker  Planck  equation 
even  for  the  stationary  case.  Instead,  one  may  generate  a 
general  first  order  differential  equation  describing  the 
evolution  of  response  moments  of  any  order  This 
equation  is  obtained  by  multiplying  both  sides  of  the 
system  Fokker  Planck  equation  bv  the  scalar  function 
4>(X) 

4>(X)  =  ,YV  .Y2!.Y3'.Yi‘.Y  V  A'i*  <22 ) 

and  integrating  by  parts  over  the  entire  state  space  -  /  < 
X  <  x .  The  following  boundary  conditions  are  used 

p(X  — >  -  x  )  =  plX  —  x  1  =  0  i2.'i 

Due  to  space  limitation  the  system  moment  equation 
will  not  be  listed  in  this  paper.  The  reader  may  refer  to 
Ref.  IT  for  more  details.  Flowever.  the  general  form  of  the 
resulting  differential  equation  is 

mv  =  F\|m,.m2 . mv  mA' •  1 1  '-4| 

where  ;V  =  £*L  i  k,. 

In  deriving  the  system  moment  differential  equation  the 
following  notation  is  adopted 

"•ky,  »„  =  j  .  • .  jptX.rkDlXId.Y,  d.Y, . .  .d.Y„  1 25 1 

It  is  found  that  the  differential  equation  of  order  Y 
contains  moment  terms  of  order  ,V  and  V  -  I  The  source 
of  this  infinite  hierarchy  is  the  system  nonlinear  functions 
1 1),  in  equations  112).  If  these  nonlinear  functions  are 
dropped  the  system  becomes  linear  and  the  response 
moment  equations  are  consistent.  In  the  present  study  the 
following  three  cases  will  be  examined: 

til  Linear  response  of  constant  coefficients  structure, 
(ii)  Linear  response  of  the  structure  with  random 
stiffness. 

tiii)  Response  of  the  structure  with  autoparametric 
interaction  involving  the  internal  combination 
internal  resonance  <o3S<u,  -mo,. 


The  evolution  of  the  response  probability  density 
function  is  described  by  the  Fokker-Planck  equation 


r'ptX.rl 


!  -  Z  7rrKtX.rlplX.rl] 

i=»  (  *  i 


+  1  I  I  T^~2y~ K;lX. r Ipl X. r )]  120) 

4  I  =  l  ;  =  I 


where  p IX,  r)  is  the  response  joint  probability  density 
function,  and  u,(X.  r)  and  h,2(X,  r)  are  the  first  and  second 


VI.  STRUCTURE  WITH  CONSTANT 
PARAMETERS 

The  equations  of  motion  for  this  case  are  obtained  from 
equations  111)  by  excluding  the  nonlinear  functions  u/ ,. 
The  resulting  equations  of  motion  are 
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For  this  linear  case  the  response  moment  differential 
equations  are  consistent.  The  mean  squares  of  the 
stationary  response  is  obtained  in  the  closed  form 

£[rf]  =  D/{  (2C,rJ,|.  £[r,-]  =  D/f  tZT.r, 3). 

£[V;]  =  D/j  a'jrJ,!.  E[Y?]  =  Df\  (2 ,V„). 

£[  >  3]  =  O/i  12,',).  £[  T5-]  =  D/5  l2;3) 

Before  presenting  the  linear  response  graphically,  it 
would  be  useful  to  recall  that  the  generalized  coordinates 
q,  were  nondimensionaiized  with  respect  to  the  root-mean 
square  of  the  mam  mass  response  when  the  coupled 
system  was  locked  under  forced  excitation  The  value  of 
q,  can  be  estimated  from  the  single  degree  of  freedom 
equation  of  motion 

[m, +m2-t- m1lqy-i-C]iii  +  ksqi  =  FU)  1 28 1 

which  has  the  stationary  response 

£[1/3-’]  =  £[43j]  =  0  2," 3  (29i 

and  therefore 

ds  =  s,D2;s  <30i 

The  excitation  parameter  level  D  2 '  t  is  chosen  so  thal 
qs  is  chosen  so  that  1/3  is  unity  and  as  a  result  any 
deviation  from  unity  gives  a  measure  of  the  dynamic 
interaction  ilinear  or  nonlinear  1  with  other  modes  For  the 
analysis  hereafter  the  excitation  level  will  be  chosen  such 
that 

D  2,-j=  I  <31 » 


In  this  case  the  mean  square  response  i27|  is  reduced  to 
the  simple  form 


E[^]  =  rr4L. 

■.)  r\ 3 


*3.3  *3r23 

£[y*,]  =  £[rr]  =  /i 


(.121 


Fig  4.  Mean  square  response  ot  normal  modes  lor 


Fiq  ?.  Mean  square  response  of  qeneralizetl  coordinates 
lor  =  ',=il.tlO?.  ;3  =  11.01 


The  linear  response  for  both  normalized  and  generalized 
coordinates  is  determined  for  various  damping  ratios. 
Figs  3  and  4  show  the  mean  square  responses  as  a 
function  of  the  frequency  ratio  r  for  two  sets  of  damping 
ratios.  It  is  seen  that  both  the  first  and  second  normal 
mode  mean  square  responses  decrease  faster  than  the 


Fig.  3.  Mean  square  response  of  normal  modes  for 
=Ci=0.00S,  Cj =0.0/ 


Fig.  6.  Mean  square  response  of  generalized  coordinates 
for  =;2=o.oi.  =0.01 

third  mode  as  the  frequency  ratio  increases  In  terms  of 
generalized  coordinates.  Figs  5  and  6  shows  that  the  mean 
square  displacement  increases  while  the  two  beam 
displacements  decrease  with  the  frequency  ratio.  The  two 
sets  of  figures  show  the  well  know  n  control  damping  effect 
on  the  mean  square  responses. 
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VII.  SIKLLILKt  WIIH  RANDOM  S11FI-NESS 

The  equations  of  motion  of  this  case  are  obtained  by 
including  a  random  component  to  each  stilTness  in  the 
original  linear  equations  of  motion. 

The  equations  of  motion  lake  Ihe 
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Introducing  the  same  dimensionless  parameters  listed 
in  Sections  If  and  III.  the  equations  of  motion  in  terms  of 
the  normal  coordinates  after  introducing  linear  damping 
are: 

r  i  2, , r [  3 1 y  r j  3y j  a-  s  t  ( If  ,  I t i  —  s ,  3 IV ,( r  1 

-s,3lVj|rt]v,  =  /iH'trl 
;  *rjyy2  ~  [v;,  IV,  (r  I  -  s;,lV,lrl 

-  l].V;  =  /.IVlrl 
Vi  iV  J -  1 3  ~  [s3i  i 1  "‘"'33  :ITI 

—  s33  IV,(t  (].v  j  =  /,  TVIt  I  1 341 

where 

and  VV’lri  are  zero  mean  white  noise  processes  with 
spectral  densities  2D,.  Equations  (34|  constitute  a  set  of 
coupled  differential  equations.  The  response  mean 
squares  are  obtained  by  solving  the  stationary  moment 
equations.  The  analytical  solution  for  the  stationary 
response  is 

E[  V  l]  =  D/  T  !  3, iff 3  -  Dj.s It  —  D; —  D3s,  3| , 
E[Y?]  =  r-sE[Y]] 

E[Yl]  =  Dfi  ^Vjj-D.sj.-D^-Dj.^;. 
E[Y?l  =  'hE[Y]1 

£[  T3]  =  Dyj  1 2., 3  —  D( s31  —  D3S32  - D3.V33I . 

£[yjJ]  =  £[Vl]  (35) 

This  solution  indicates  that  the  system  may  be  unstable 
depending  on  the  values  of  D,.  The  fact  that  the  mean 
square  must  always  be  positive  provides  the  stability 
criteria  for  mean  squares  given  by  (351  These  criteria  are 
obtained  by  keeping  the  denominators  of  i3Sl  always 
positive,  i.e.. 

2^  1  rf j > (Dj s j (  ^-Dj.sf,  -+-D3.sjjl 
3s2r2i  >  ID\s2  I  ^  ^2S22+  ^Ss2il 

2,3>(D,Sj,  +  DjSjj  +D3S3J)  1 36) 

The  stability  boundaries  represented  by  conditions  (36) 
are  shown  in  Fig.  7  as  a  function  of  the  internal  resonance 
frequency  ratio  r  For  simplicity  the  excitation  levels 
D,,  23,  of  the  random  stiffness  perturbations  are  assumed 
to  be  equal.  Samples  of  the  response  means  squares  as 
function  of  the  excitation  level  D  22  are  shown  in  Figs  8 


Fig.  7.  Mean  square  stability  boundary  ot  the  arm  lure 
with  random  stiffness,  for  =  n.(l/ 


0  .01  .1: 

Fig.  8.  Mean  square  response  ot  normal  modes  unit 
random  stiffness  tor  r-  I  II.  2.  = »/."  / 

and  9  in  terms  of  normal  and  generalised  coordinates, 
respectively.  It  is  observed  that  the  response  of  tip  mass  of 
the  vertical  cantilever  is  the  main  source  of  instability 

VIII.  ALTOPARAMETR1C  INTERACTION 

In  this  case  the  influence  of  nonlinear  modal  coupling  on 
the  system  response  will  be  examined  by  including  (he 
functions  in  the  analysis.  These  functions  are  only 
significant  if  the  structure  is  tuned  internally  such  that  the 
normal  mode  frequencies  have  a  linear  relationship  I  or 
the  present  system  it  is  found  (hat  the  following  three 
internal  resonance  conditions  can  lake  place1 ' 

01 3  =  fa,  +<0. 

<o3  =  2 <0,  and  (a3  =  2(.a;  i3"i 

The  random  response  of  the  system  will  be  exmined 
under  the  first  internal  resonance  condition.  4s 
mentioned  in  Section  III  the  response  moment  equations 
involve  infinite  coupling  which  must  be  closed  in  order  to 
solve  for  the  response  statistics  It  is  known  that  (he 
response  of  any  nonlinear  system  to  a  random  Gaussian 
excitation  will  be  non-Gaussian.  The  deviation  of  the 
response  from  normality  depends  on  (he  degree  of  the 
system  nonlinearity.  Generally,  closure  schemes  are 
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classified  into  Gaussian  and  non-Gaussian16.  The 
Gaussian  schemes  are  useful  for  dynamic  systems  with 
weak  nonlinearity.  However,  in  certain  situations  the 
application  of  Gaussian  closures  may  lead  to  stochastic 
stability  boundaries  which  are  different  from  those 
derived  by  other  techniques  such  as  Stratonovich 
stochastic  averaging  or  non-Gaussian  closure 
approaches.  This  type  of  contradiction  has  been  reported 
for  nonlinear  systems  under  parametric  random 
excitations16.  For  two  degree-of-freedom  systems  the 
Gaussian  closure  scheme  yields  nonstationary  response 
while  non-Gaussian  closure  gives  strictly  stationary 
response.  However,  the  main  response  characteristics  are 
found  identical  as  predicted  by  both  methods. 

This  Section  examines  the  nonlinear  response  as 
obtained  by  using  a  Gaussian  closure  scheme  which  is 
based  on  the  properties  of  the  cumulants.  For  the  present 
system  27  equations  for  the  first  and  second  order 
moments  will  be  generated.  The  moment  equations  are 
closed  by  setting  all  third  order  cumulants  to  zero,  i.e.. 

/.,[* =  £[*,*, Xk]  -  £  £[*,]£[*,*,] 

+  2£[A’I]£[X  j£[Xk]  =»0  (38) 

where  the  number  over  summation  sign  refers  to  the 
number  of  terms  generated  in  the  form  of  the  indicated 
expression  without  allowing  permutation  of  indices. 
Relation  (38)  is  used  to  obtain  expressions  for  the  third 
order  moments  in  terms  of  first  and  second  order 
moments. 

The  solution  of  the  closed  27  coupled  moment 
equations  is  obtained  numerically  by  using  the  IMSL 
DVERK  Subroutine  (Runge-Kutta-Vemer  fifth  and  sixth 
numerical  integration  method).  Depending  on  the  value 
of  internal  detuning  parameter  r  the  system  response  may 
be  reduced  to  the  same  linear  response  of  section  VI  or 
may  become  quasi-stationary  which  deviates  significantly 
from  the  linear  solution.  The  response  of  autoparametric 
interaction  is  found  to  take  place  in  regions  of  internal 
resonance  ratio  slightly  deviated  from  the  exact  tuning 
r  » 1 .  The  deviation  may  be  attributed  to  the  contribution 
of  nonlinearities  incurred  during  the  Gaussian  closure 
procedure.  Surprisingly,  exact  internal  resonance  yields 


linear  response  characteristics  which  are  displayed  in  Fig. 
10.  It  is  seen  that  the  response  fluctuates  between  two 
limits  during  the  transient  period,  then  converges  to  a 
stationary  values  which  corresponds  exactly  to  the  linear 
solution  of  Section  VI.  The  effect  of  different  initial 
conditions  is  examined  and  it  is  found  that  regardless  of 
the  initial  conditions  the  solution  reaches  the  same  steady 
state  value.  For  internal  resonance  ratio  r=  1.175,  Fig.  1 1 
shows  another  set  of  time  history  responses.  In  this  case 
the  response  mean  squares  do  not  achieve  a  stationary 
state.  During  the  transient  period  the  frequency  of  the 
third  mode  is  approximately  1.17  times  the  sum  of  the  first 
two  mode  frequencies.  The  quasi-stationary  behaviour, 
although  present  for  all  three  modes,  is  most  prominent 
for  the  second  mode. 

To  further  illustrate  the  departure  of  the  nonlinear 
response  from  the  linear  one.  Figs  12-15  display  the 
dependence  of  the  normalized  mean  squares  on  the 
internal  resonance  for  various  system  parameters.  The 
mean  squares  are  normalized  by  the  corresponding  linear 
solution.  The  subscript  G/L  refers  to  the  ratio  of  the 
nonlinear  Gaussian  solution  to  the  linear  response.  In  the 
regions  near  critical  internal  resonance  the  upper  and 
lower  envelopes  of  the  quasi-stationary  response  are 
plotted.  A  general  trend  is  observed  to  exist  in  all  figures. 
There  is  a  sharp  increase  in  the  displacement  mean  square 


Fig.  10.  Time  history  response  of  normal  coordinates  lor 
**0.01 ,  e  —  0.025.  r  =  ioj,  (ajj  -t-w2l=  1.0 


Fig.  //.  Time  history  response  of  normal  coordinates 
showing  autoparametric  interaction,  for  0.01 ,  c  = 

0.025.  r^uij/fui,  +(u2)”  1.175 
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Fig.  12.  Mean  square  resonse  of  normalized  coordinates  Fig.  14  Mean  square  response  of  normalized 

as  function  of  internal  resonance  ratio  r,  for  ",  =C2=  coordinates  as  /unction  of  internal  resonance  ratio  r.  I'or 

0.005.  ;,mo/)i .  t -0.025  = 0.005.  ;3=o.oi.  t=o.o5 


Fig.  13.  Mean  square  response  of  normalized  Fig.  15.  Mean  square  response  of  normalized 

coordinates  as  Junction  of  internal  resonance  ratio  r,  for  coordinates  as  Junction  of  internal  resonance  ratio  r,  for 

;,-O.OI.  e* 0.025  ;,**0.0J.  e - 0.05 
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of  the  second  mode  associated  with  a  corresponding 
decrease  in  the  mean  square  of  the  third  normal  mode  and 
very  slight  drop  in  the  first  mode.  This  feature  is  similar  to 
a  great  extent  to  the  deterministic  nonlinear  absorbing 
effect  reported  by  Ibrahim  and  Woodall15.  Figs  12  and  13 
show  the  effect  of  damping  ratios  of  the  system  response. 
It  is  seen  that  any  increase  in  damping  results  in 
narrowing  the  region  of  autoparametric  interaction.  The 
nonlinear  coupling  parameter  e  has  a  direct  influence  on 
the  degree  of  the  response  deviation  from  the  linear 
solution  as  shown  in  Figs  1 2- 1 5.  As  £  increases  from  0.025 
to  0.05  the  region  of  autoparametric  interaction  becomes 
more  wider. 

IX.  CONCLUSIONS 

The  linear  and  nonlinear  modal  interactions  of  a  three- 
degree-of-freedom  structure  subjected  to  random 
excitation  is  examined.  For  the  linear  modelling  the 
response  is  determined  for  two  cases  of  structure 
parameters.  The  first  case  is  when  the  parameters  are 
constant  coefficients.  The  mean  square  response  of  this 
case  is  obtained  in  terms  of  the  excitation  spectral  density 
and  the  internal  detuning  parameter.  The  second  case 
involves  random  parametric  excitations  in  the  stiffness 
matrix.  These  excitations  result  in  modal  parametric 
coupling  of  the  normal  coordinates.  The  mean  square 
responses  are  governed  by  the  spectral  densities  of 
parametric  excitations  which  also  result  in  the  conditions 
of  mean  square  stability.  The  results  of  the  first  case  are 
used  as  a  reference  to  measure  the  effects  of  nonlinear 
inertia  coupling  of  normal  modes  on  the  mean  square 
response  of  the  system  in  the  neighbourhood  of 
combination  internal  resonance.  It  is  found  that  the 
critical  internal  resonance  occurs  at  a  value  dose  to  r  = 
1.175  which  is  deviated  from  the  exact  value  r*  I.  The 
nonlinear  modal  interaction  results  in  an  increase  of  the 
second  normal  mode  mean  square  response  and  in  an 
associated  decrease  of  the  first  and  third  normal  modes. 
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Stochastic  Response  of  Nonlinear  Structures 
with  Parameter  Random  Fluctuations 

R.  A.  Ibrahim*  and  H.  Heof 
Texas  Tech  University,  Lubbock,  Texas 

The  readout  rejyonae  of  a  nootfaear  structural  system  b  exaarfoed  when  its  parameters  are  experiencing 
random  fluctuation!  with  time.  The  treatment  b  based  oa  the  recent  davrlnpamnti  in  the  mathematical  theory  of 
stochastic  dUferaatial  wpmrioas.  These  include  the  Ito  stochastic  calculus  aad  the  Pokier- Planck  equation 
approach  to  derive  a  general  differential  equation  that  deacribea  the  evolution  of  the  statistical  moments  of  the 
response  rnnrdhnaei  The  deferential  equation  is  found  to  constitute  an  infinite  coupled  set  of  differential 
equations  that  are  dosed  via  two  different  closure  schemes.  The  system  response  is  determined  in  the 
neighborhood  of  internal  resonance  condition  and  for  various  random  intensities  of  the  system  parameters.  It  is 
found  that  the  random  aiodal  interaction  is  governed  mainly  by  the  internal  resonance  ratio  and  the  stiffness 
fluctuation  intensity.  The  effect  of  the  random  ilamping  fluctuation  on  the  system  response  is  found  to  be  very 
smal  compared  to  the  stflbem  fluctuation  effect. 


I.  Introduction 

THE  dynamic  behavior  of  lightweight  structures  is  of  main 
concern  to  aeronautical  engineers  involved  in  the  design 
and  reliability  of  aerospace  structures.  These  structures  are 
usually  made  up  of  composite  materials  that  are  nonhomoge- 
neous  and  exhibit  fluctuations  in  their  dynamic  properties. 
The  fluctuations  of  these  properties  are  random  in  nature  and 
thus  result  in  random  eigenvalues  and  responses.  Depending 
on  the  analytical  modeling  of  such  structures,  the  interaction 
between  aerodynamic,  inertia,  and  elastic  forces  may  give  rise 
to  a  number  of  aeroelastic  phenomena.  For  example,  classical 
flutter  can  occur  due  to  a  linear  interaction  of  these  three 
forces.  Classical  flutter  may  also  involve  the  coupling  of  two 
or  more  degrees  of  freedom.  However,  the  linear  mathematical 
modeling  fails  to  predict  a  number  of  observed  dynamic 
characteristics  such  as  amplitude  jump,  limit  cycles,  paramet¬ 
ric  instability,  internal  resonance,  multiple  solutions,  and 
saturation  phenomena.  These  complex  characteristics  owe  their 
origin  to  the  inherent  nonlinearity  of  the  structure. 

The  amplitude  jump,  limit  cycles,  and  parametric  instability 
are  common  features  of  nonlinear  single-  and  multi-degree- 
of- freedom  systems.  Parametric  instability1  takes  place  when 
the  external  excitation  appears  as  a  coefficient  in  the  homoge¬ 
neous  part  of  the  equation  of  motion.  It  occurs  when  the 
excitation  frequency  is  twice  the  natural  frequency  of  the 
system.  Internal  resonance2  and  saturation  phenomena1  may 
occur  only  in  nonlinear  dynamic  systems  with  more  than  one 
degree  of  freedom.  Internal  resonance  implies  the  existence  of 
a  linear  relationship  between  the  normal  mode  frequencies  of 
the  structure  and  results  in  a  nonlinear  interaction  between 
the  normal  modes  in  a  form  of  energy  exchange.  Under 
external  excitation,  the  mode  that  is  directly  excited  exhibits, 
in  the  beginning,  the  same  features  of  the  response  of  a  linear 
single-degree-of-  freedom  system,  and  all  other  modes  remain 


dormant  As  the  excitation  amplitude  reaches  a  certain  critical 
level,  the  other  modes  become  unstable,  and  the  originally 
excited  mode  reaches  an  upper  bound.  This  mode  is  said  to  be 
saturated,  and  the  energy  is  then  transferred  to  ocher  modes. 
This  type  of  modal  interaction  is  referred  to  in  the  literature 
as  autoparametric  interaction,4  since  one  mode  acts  as  a 
parametric  excitation  to  other  inodes.  Barr  and  Done5  con¬ 
ducted  a  ground  resonance  test  and  applied  a  sinusoidal 
excitation  at  one  or  more  points  to  find  out  the  conditions 
under  which  parametric  and  autoparametric  instabilities  could 
occur.  The  autoparametric  resonance  was  found  to  take  place 
when  the  directly  excited  mode  frequency  is  twice  the  indi¬ 
rectly  excited  mode.  Barr  and  Done^ observed  several  combi¬ 
nations  of  normal  mode  interaction.  For  example,  when  the 
exciting  mode  was  wing  bending,  the  excited  mode  was  found 
to  be  one  of  the  following:  1)  wing  store  pylon  bending,  2) 
wing  store  pylon  twisting,  3)  engine  pod  mounting  structure 
bending,  or  4)  engine  mounting  structure  twisting. 

In  structural  dynamics,  the  nonlinearity  is  represented  in 
three  different  forms:1 6  elastic,  inertia,  and  damping  nonlin- 
earities.  Elastic  nonlinearity  stems  from  nonlinear  strain-dis¬ 
placement  relations,  which  are  inevitable.  Inertia  non  line  an  tv 
is  derived,  in  a  Lagrangian  formulation,  from  luneuc  energy 
The  equations  of  motion  of  a  discrete  mass  dynamic  system, 
with  boioootmc  sderoootmc  constraints,  in  terms  of  the  gener 
alized  coordinates  q, .  are  usually  written  in  the  form7 


t,  +  L  Z 

1-1  ,-lrW 


iv 

^ ;■ 


Q: 


*■1,2.  .  n 

when  V  is  potential  energy,  Q,  represents  all  nooconservative 
forces,  and  \jt,  i]  is  the  Christoffel  symbol  of  the  first  lund 
and  is  given  by  the  expression 
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The  metric  tensor  m,;  and  the  Christoffel  symbol  are  gener¬ 
ally  functions  of  the  g, .  and  for  motion  about  the  equilibrium 
cooftgurattoo  they  can  be  expanded  in  a  Taylor  series  about 
that  state.  Thus,  front  inertia  sources,  quadratic,  cubic,  and 
higher-power  nonhnearibea  can  arise 
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Other  types  of  nonimeanties,  such  as  distributed  and  con¬ 
centrated  nonlinearities,  are  encountered  in  aeroelastic  flutter 
problems/  Distributed  nonlinearity  is  induced  by  elastic  de¬ 
formations  in  riveted,  screwed,  and  bolted  connections,  as  well 
as  the  structural  components  themselves.  Concentrated  non¬ 
linearity  acts  locally  in  control  mechanisms  or  in  the  con¬ 
necting  parts  between  wing  and  external  stores.  This  nonlin¬ 
earity  is  caused  by  backlash  in  the  linkage  elements  of  the 
control  system,  dry  friction  in  control  cable  and  push  rod 
ducts,  kinematic  limitation  of  the  control  surface  deflection, 
and  application  of  spring  tab  systems  provided  for  relieving 
pilot  operation.  Bratbach9  determined  the  flutter  boundaries 
for  three  different  configurations  distinguished  by  different 
types  of  nonlinearities  in  the  rudder  and  aileron  control 
system  of  a  sailplane.  It  was  shown  that  the  influence  of 
hystereuc  damping  results  in  a  considerable  stabilizing  effect 
and  an  increase  in  the  flutter  speed.  Similar  effects  of  nonlin- 
c  an  ties  due  to  friction  and  backlash  were  reported  in  Ref.  10. 
Peloubet  et  al.,11  Reed  et  al.,12  and  Desmarais  and  Reed11 
examined  the  effect  of  control  system  nonlineanties,  such  as 
actuator  force  or  deflection  limits,  on  the  performance  of  an 
active  flutter  suppression  system.  It  was  shown12  that  a  non¬ 
linear  system  that  is  stable  with  respect  to  small  disturbances 
may  be  unstable  with  respect  to  large  ones.  Another  important 
feature  was  that  a  store  mounted  on  a  pylon  with  low  pitch 
stiffness  can  provide  substantial  increase  in  flutter  speed  and 
reduce  the  dependency  of  flutter  on  the  mass  and  inertia  of 
stores  relative  to  that  of  still-mounted  stores. 

It  is  clear  that,  in  mathematical  modeling,  the  aeroelastician 
should  consider  various  types  of  nonlinearities  in  order  to 
understand  the  origin  of  any  unusual  structural  behavior 
under  various  types  of  aerodynamic  loadings.  Under  de¬ 
terministic  unsteady  aerodynamic  forces,  these  phenomena 
can  be  predicted  by  ooe  of  the  standard  perturbation  tech¬ 
niques  of  nonlinear  differential  equations.1415  However, 
aerospace  structures  are  usually  subjected  to  turbulent  airflow, 
and  the  analyst  encounters  aerodynamic  loads  that  are  ran¬ 
dom  in  nature.  Furthermore,  ooce  the  structure  starts  to 
vibrate,  its  parameters,  such  as  damping  and  stiffness,  experi¬ 
ence  random  fluctuations  with  the  passage  of  time.  The  dy¬ 
namic  analysis  of  these  structures  is  not  a  simple  task,  and  it 
requires  an  advanced  background  in  probability  theory  and 
stochastic  differential  equations 

It  is  very  important  at  this  stage  to  distinguish  between  two 
different  problems  encountered  in  structural  dynamics.  These 
are  the  random  response  of  dynamic  systems  to  random 
parametric  excitation**  and  the  random  response  of  structural 
systems  whose  parameters  are  random  variables  described  in  a 
probabilistic  sense  In  the  former  case,  the  system  equations  of 
motion  are  stochastic  differential  equations  with  coefficients 
that  are  random  procures  while,  in  the  latter  case,  the  equa¬ 
tions  of  motion  are  differential  equations  with  parameter 
uncertainties.  The  methods  of  treating  dynamic  systems  under 
parametric  random  excitations  are  different  from  those  used 
in  solving  differential  equations  with  parameter  uncertainties. 
Parametric  rsndom  vibration  is  basically  a  combination  of  the 
theory  of  stochastic  prorrtsrt,  stochastic  differential  equa¬ 
tions,  and  applied  dynsimn  On  the  other  hand,  systems  with 
parameter  uncertainties  (referred  to  in  the  literature  as  dis¬ 
ordered  systems)17  involve  random  boundary-value  problem 
and  random  Add  theory.  Within  the  framework  of  the  linear 
theory  of  random  vibcaboo  of  disordered  systems,  the  en¬ 
gineer  mcountm  problems  of  random  eigenvalues,  random 
eigenvectors,  random  imponmi  normal  mode  localization, 
npfimnm  design.  «d  rrfiahiMty.  These  issues  have  recently 
been  reviewed  by  the  anther  in  Ref.  It. 

Tina  paper  deals  with  the  random  rc^onir  of  a  nonlinear 
two  ifcgrre  of-headom  structural  model  when  its  damping 
and  sbffhsm  cwAonti  involve  rmtkm  time  variation.  The 
model  consists  of  two  coupled  beams  with  tip  concentrated 
masses  m  A own  in  Pig.  1.  Tbs  dr  tr  mu  antic  response  of  this 
roods!  to  harmonic  support  morion  has  been  ntamrited  by 


Barr  and  Ashworth,19  and  Haddow  et  al.20  Their  studies 
showed  that  the  system  exhibits  a  number  of  nonlinear  re¬ 
sponse  phenomena  under  conditions  of  internal  resonance, 
high  excitation  level,  and  low  damping  ratios.  The  authors  of 
the  present  paper  have  recently  determined  the  random  re¬ 
sponse  of  this  system  to  random  support  motion  when  its 
parameters  are  time-independent21  In  fact  as  the  structure 
oscillates,  the  damping  and  stiffness  coefficients  may  experi¬ 
ence  random  time  variations.  The  random  variations  of  the 
structural  parameters  and  the  random  support  excitation  will 
be  assumed  Gaussian-independent  wide- band  processes.  The 
Fokker-Pianck  equation  approach  will  be  used  to  generate  a 
general  first-order  differential  equation  for  the  statistical  mo¬ 
ments  of  the  response  coordinates.  In  view  of  the  system 
nonlinearity,  the  response  processes  will  be  non-Gaussian-dis- 
tributed,  and  the  moment  equations  will  form  an  infinite 
coupled  set  of  moment  equations,  which  will  be  closed  via  two 
independent  closure  schemes  referred  to  as  Gaussian  and 
non-Gaussian  closure  schemes.16  These  closure  schemes  are 
based  on  the  semi-invariant  properties  of  the  response 
processes.  The  Gaussian  closure  scheme  is  only  valid  if  the 
system  is  linear  with  time-invariant  coefficients  and  is  sub¬ 
jected  to  Gaussian  excitation.  The  application  of  Gaussian 
closure  to  nonlinear  systems  is  analogous  to  the  linearization 
solutions  of  deterministic  nonlinear  differential  equations  The 
non-Gaussian  closure  scheme  is  more  accurate  since  it  takes 
into  account  the  effect  of  the  system  nonlinearity  on  the 
response  probability  density  function.  More  details  of  closure 
schemes  may  be  found  in  a  recent  research  monograph16  by 
the  first  author.  The  results  will  be  compared  with  the  re¬ 
sponse  statistical  moments  of  the  same  system  when  its  coeffi¬ 
cients  are  constants. 


II.  Theoretical  Analysis 
Ff  winvi  of  Motto*  md  ftapoaw  Stmkot  Vector 
Figure  1  shows  a  schematic  diagram  of  an  analytical  model 
of  a  nonlinear  aeroelastic  structural  system,  which  represents  a 
wing  with  external  store.  It  consists  of  two  coupled  beams 
with  tip  masses  m,  and  m7.  The  present  study  will  examine 
the  nonlinear  random  interaction  between  the  first  two  normal 
modes  under  random  support  motion  $„(/)  when  the  dynamic 
properties  of  the  system  experience  random  fluctuations.  The 
mathematical  modeling  of  the  system  was  derived  in  Ref.  22. 
In  terms  of  the  nondimensional  normal  coordinates  V,  and 
Y2 ,  the  system  equations  of  motion  are 
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******  (li.  lj )  “  (ft-  ft)/??.  *****  df  is  the  response  root- 
mean-squaie  of  the  system  when  the  vertical  beam  is  locked 
and  the  horizontal  beam  behaves  as  a  single  degree  of  freedom 
with  end  mass  m,  + 
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The  Dorznai  coordinates  y  arc  related  to  the  generalized 
coordinates  q  through  the  transformation 

(«}-[*){v)  (2) 

where  { R )  is  the  system  modal  matrix  that  is  defined  m  Ref. 
21.  The  small  parameter  t  -  q\/(x  is  the  nonlinear  coupling 
parameter,  r  -  is  the  frequency  ratio  where  <j,  and  u»: 

are  the  normal  mode  frequencies  (in  the  present  paper  it  is 
considered  that  w2  <ut).  A  prime  denotes  differentiation  with 
respect  to  the  nondimensionai  tune  parameter  r  -  u>,  /. 

The  nonlinear  functions  ( Y.  Y ' ,  Y " )  are  given  by  the 

expressions 

*M  Y.  r  ,  Y”)  -  a4  W  4  a,Yx  Y2"  4-  «6y2  Y{' 

+  +  a%Y{2  +  &qX\Y{  +  al0Y{2 


*2(  Y.  Y\  Y")  -  b<YxYx"  4  WJ?  4  ^y2y/' 

+  bW  +  bnYx'l  +  b,Yx'Y{  +  bxoY{> 

The  coefficients  a,  and  b,  depend  on  the  system  parameters 
and  are  defined  in  Ref.  22.  These  functions  involve  quadratic 
nonhneanties  of  the  inertia  type.  They  include  autoparametnc 
coupling  terms  such  as  Yx  Y2"  in  which  the  acceleration  Y”  of 
the  second  mode  acts  as  a  parametric  excitation  to  the  first 
mode.  The  first  expression  on  the  right-hand  sides  of  Eqs.  (1) 
represents  the  nonhomogeaeous  part  of  the  excitation,  while 
the  second  expression  is  the  parametric  action  of  the  excita¬ 
tion  that  couples  the  two  modes  parametrically  £,,(r)  and 
(*,(r)  represent  the  random  fluctuations  m  the  damping  and 
stiffness  terms,  respectively.  These  functions  and  the  support 
acceleration  are  assumed  to  be  Gaussian  wi de-band  random 
processes  with  zero  means.  The  spectral  densities  of  these 
processes  are  assumed  to  cover  a  frequency  band  that  includes 
the  first  two  normal  mode  frequencies  and  to  be  well  below 
any  other  higher  normal  mode  frequency.  In  the  limiting  case, 
as  the  correlation  time  of  (,(r)  becomes  very  small  compared 
with  any  characteristic  period  of  the  system,  the  response 
coordinates  approach  a  Markov  process.  In  order  to  represent 
Eqs.  (1)  as  a  Markov  vector,  the  acceleration  terms  Y",  which 
appear  in  the  nonlinear  terms  +,(Y.  KM"'),  must  be  re¬ 
moved  by  successive  elimination.  This  process  has  been  per¬ 
formed  by  using  the  MACSYMA  software.  Having  eliminated 
K",  Eqs.  (1)  can  be  written  in  the  Stratonovich  form16 


Fig.  2  That  history  wpam  of  norm I  mode  mean  squares  according 
to  Gaussian  down  uUutkm. 


Alternatively,  the  system  equations  of  motion  can  be  written 
in  terms  of  the  I  to- type  equation 


dY, « 


1  6  *  dC,.(X,r) 

/.<*.»).+  !  Z  L  «»,(*•  T>  i) r 

1*1 j“\ 


dr 


x;-mx,t)+  £5„(i,t)t,(T), 
> 


y-i . ^  (3) 


4 

+  £  Gly(X,r)dB;(T) 
j- t 


(5) 


through  the  coordinate  tmoformabon  where  the  double  summation  expression  is  referred  to  the  I  to 

(or  the  Wong-Zakai)  correction  term,16  which  is  a  result  of 
replacing  the  physical  wideband  random  process  i,{r\ by  the 
white  noise  Pf'(r).  In  Eq.  (5)  the  white-noise  processes  W'(r) 
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have  been  replaced  by  the  formal  denvauve  of  the  Brownian 
motion  i.e., 

W\t)  -d*((r)/dr  (6) 

The  statistical  properties  of  B,  ( r )  are 

E[dfl,(r)]-0  (7a) 

£[d£,2(r)] -2D,dr  (7b) 

£[d£,(r)d£;(r)]  —  0  tott+j  (7c) 

where  2D,  is  the  spectral  density  of  the  Brownian  motion 

process  The  equations  of  motion  can  now  be  written  in 

terms  of  the  Markov  vector  coordinates  X ,  as 

d*,  -  JTjdr 

dX,  -  XAdr 

dX,  -  {  -AT,  -  2f,X, -a4X2  -(a,  *  ,'a,)  X.Xj -r-a7Xj  -  2{,a4X,X,  -2l,miX,X,  -  2(,a,X,X,  -  2fI™,X:X„  +  a,X‘ 
*  a,Xx  X,  +  a,„  X;  X,  +  2a, Xx  X,  -  2atX,X,  *  a2X,2X,  *  2a4atX,X;X,  ♦  a;  X:  Xx ) 

** [a,X,X4  +  a,X,X,  +  a,b,Xx‘X,  *  (  a,(>,  -  a,M  JT,  JT, .y. -a,*-, X,2 X4] }  dr  -  X,  d«,,(r) 

-rl{aiXlX,  +  aiX,X,)ABh(i)-2{,lX,  *  a,X,X,  *  atX,X,)dBri(r)  - 2f;c(  a,X, X.  ♦  a,X,X4)d£, .,< r) 

-  ( A ,  +  A ,  X,  +  A ,  X,  +  A ,  X}  +  A ,  X,  X,  -  A,  X2,  )  d  (  » ) 

d  X4  -  {  -  r 'X,  -  2i,rX,  -  b,X{  -  ( b,  *  r % )  X,  X;  -  r'-bx X2  -  2f, b, X,  X,  -  2f, rb,  X,  X.  -  2f  A X,  X,  -  2[, rb . X,  X4 
+  b,X}  *  b,X,X,  +  (.10X4  +  4Dc,f,2(»«X,X,  +  b,X,X,  +  a4fr4X,2X,  +  («A  +  W  -  atb,XiX ,1 
+  4DiJ‘r‘(  X4  ♦  2b,XiX4  *  2t,X,X4  *  b\ X2 X4  +  2fc,».X,  X;  X4  +  frjX^X, ) )  dr  -  21,(  *>4  X,  X,  -  \X:X,)d8.  (  r) 

-c2(  X,  +  *,X,Xj  +  »,Xj)d£,,(r)  -2f,r(  X.  +  *,X,X4  ♦  6,X,X,)d*t,(  r) 

-(  Bx  +  BjX,  +  B,X,  *  B,X*  *  B,X,X,  *  *X,2)d4,<  »>  ' 


It  is  found  that  the  system  Fokker-Plinck  equation  cannot 
be  solved  for  the  response  probability  density  in  a  closed 
form.  However,  it  is  possible  to  generate  a  general  differential 
equation  for  the  response  joint  moments  of  any  order  V  by 
multiplying  both  sides  of  the  system  Fokker-Planck  equation 
by  the  scaler  function 

*-X\X{X$X'  (11) 

where  i  +  j  +  k  +  £•*  N ,  and  integrating  by  parts  over  the 
entire  space  -  ao  <  X  <  ao  The  following  notation  is  adopted 
to  denote  the  various  response  moments 


fjjj  XlX{X$X,p(X.  r)dX,,dX,dX,dX4  (12) 


where  the  underlined  expressions  are  the  Wong-Zakai  correc¬ 
tion  terms. 


Dyuamk  Mom 

The  joint  probability  density  function  p(X,r)  of  the  re¬ 
sponse  coordinates  can  be  determined  by  applying  the 
Fokker-Planck  equation 

JiP(X.r)-  -  i-^[.XX.r)p(X.r)] 

+  I  E  E  7T3y[*''(*-t)£<*'t)1  (’) 

‘■I  7-1  '  ‘ 

where  a,(^T,  r)  and  b,  (X,  r)  are  the  first  and  second  incre¬ 
mental  moments  of  the  Maikov  process  JT(r).  These  are 
defined  as  follows: 

a,(X.r)-|Unoy;£(X,(T  +  »T)-X,(T)]  (10.) 

x([X,(t  +  «t)-X,(t)](x,(t  +  «t)-X,(t)|} 


(10b) 
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The  resulting  differential  equation  of  the  response  joint  moments  is 

tmi- 1./.*- 1  .t*  Jm<.  /-!.*./♦  i  [  —  nt ,  i'j  k  _  fi(  Ai  — 

”{ a*  +  5 )iw»*i.y m.a-i./” 1./  -  l)m,v,  {  k  f+  f2«*5({2rDfj  -  2)m,„  j  y  A .  j  , 

+  2WfiA,-l)  y*  1.4,/  "*■  “2)w,  /4|  ,J.|  /*|  +  y.*  ♦I./*  ■*■  «10  -  17'  :1 

«*-^[-r2mf.i.U(ki/.1  +  (fl',A1~2)«1  .  4  -(  r2^  +  , .* v_ ,  -  fi  ■■  /h  ,  j 

+  fi  A(  “  2) «lt i  t/  4«|  +  2f2ri5{ {2rA2  -  1)  m<  - 1.  /  *  v  +  fi  A,  ~  2)m,  . , .*  + , , 

+  2f2r61(f2rDf)  —  l)*V  ,*  i.*./  +  ^tmi.  ,.k  +  i. e- 1  *  b*mi.  /.*  *  i.r*  ^iom».j.  *.<*♦  i  ]  +k(  k  -  1)  {  Do  A*  mi  ,.*  -  2.f 

+  y,ij.2  /+  (A,  ~  A>(2^i^4  +  .4  j )  j  m>  *  i.  /  .*  -  if' 

+  2A)(^l^i  7"  j  ^  J  )  *  i.  y  »  l ,  4  -  2.  /  "*"  A)(  ^3  2i4jz4fe)rtt(.y»2.*-2./  +  4  A,fl2**i  /.*  (  }  ,  .  [  f,  ! 

+  2  A>(  A  +  ^2  A)  1./-1  +  2  A,(  A  ^  ^3  A)  +  2  A>(  A  +  ^4  A  '*‘^2A)m>*2.  /  *-  :  <'1 

■*■  2  A(  A  +  ^5  A  ■**  ^2  A  ■**  ^  j  A )  m<  *«./■*  i.i  -  ivi  2  A>(  A  ■*■  A  A  ■*"  ^6  A )  *•.  ,»j.  *  - 1.^- 1] 

+  !){2A,®imr./.i7-2  41  2 A>  A  A**i* i. i.k.e-i  +2A>A  Awwi.k./-I  +  A»(2A  A  +  ) mi* 2. : 

+  2A>(  A  A  +  +  [  A/3  **■  A>(  +  2AA)]  mi.  ,+i.k.e-i +  ♦A,#'2*.. ,.*./} 

(13) 


GwMiM  Ckaat  Sotatfoa 

It  is  seen  that  any  moment  equation  of  order  N  includes 
terms  of  order  N  +  1  on  the  right-hand  side  of  Eq.  (13)  which, 
in  this  case,  constitutes  an  infinite  coupled  set  of  moment 
equations.  In  order  to  doae  this  infinite  hierarchy,  two  differ¬ 
ent  closure  schemes  wiD  be  applied.  These  schemes  are  based 
on  the  properties  of  the  joint  cumulant  (or  semi-invariants).  It 
should  be  noticed  that  the  response  coordinates  are  not 
Gausaian-distributed,  and  any  closure  scheme  should  take  into 
account  the  deviation  of  the  response  from  being  Gaussian 
However,  if  the  response  coordinates  are  atsumrd  to  be 
M  nearly ”  Gaussian,  then  all  joint  cmnulants  of  order  greater 
than  2  vanish  identically,  and  the  response  statistics  can  be 
described  in  terms  of  first-  and  second-order  moments  This 
approach  is  referred  to  as  Gaussian  closure  scheme  and  is 
apphed  for  the  present  system  by  setting  the  third-order  joint 
cumulant  to  zero,  i.e.. 


M *4*1 

3 

-£*1*1*1*,*.)  +2*l*,)*( *,]*!*. l-o  (M) 

when  the  —hr  over  the  tmasnadon  Ufa  refen  to  the 
number  of  tense  generated  by  the  indicated  expresaon  without 
aDowiag  per— indau  of  indices  For  example, 

1*1  *,]  f  (  *X.|  -  *{  *]*(  *,*.)  ♦  *(  *,]  *(  *,*.  1 
**!*.!  *(*,*,]  05) 


The  Gaussian  doe—  scheme  wiD  lead  to  14  doeed  moment 
eqweaooe,  which  com at  of  foot  rquthoae  for  the  Ant-order 
moments  and  ten  equations  for  the  Mcoad-order  momenta 
Tbeae  equations  win  be  integrated  nuramrsfly  by  itiuq  tlm 


IMSL  (International  Mathematical  and  StatisucaJ  Library) 
DVERK  subroutine  (Rungc-Kutu-Venier  fifth-  and  sixth- 
order  numerical  integration  method).  The  results  ol  this  solu- 
uoo  wiU  be  presented  in  Sec.  Ill 


Min  r—W  Cln— ■  So— ca 

The  Gaussian  closure  solution  is  analogous  to  the  linearized 
solution  of  nonhaear  mechanics  problems.  In  view  of  the 
inherent  nonhnearity  of  the  system  (as  well  as  the  random 
time  coefficients),  the  response  processes  will  be  non  Gaussian 
and.  in  tins  caae,  ail  higher-order  cumuianu  of  order  greater 
than  2  win  nor  vanish.  The  probability  density  of  non-Gtuss- 
ian  proceases  can  be  expressed  in  terms  of  the  Gram-Cbarlicr 
expansion  or  Edgeworth  asymptotic  series.  It  has  been  shown 
(in  Ref.  23)  that  rapid  convergence  in  the  Edgesvorth  expan¬ 
sion  can  be  achieved  by  retaining  the  first  tew  terms  in  the 
series.  In  this  paper  the  non-G—stan  closure  solution  will  be 
obtained  by  letting  the  fifth-order  joint  cumulant  to  zero,  l  e  . 

M  *.*,*.  *<•*■.)  “*(*.*, *.*r*««) 

-£*(*.!*(  *,*.*r*.) 

+  2£*t*,]*(  *,)*!*.*,*.) 

-‘£  *!*.!*(  *,]*(*,  )*[*,*„) 

+2£*l  *.)*[*, *.]£(**-! 

-£*[*i*,)*I  *.*■*-] 

+  UE\X,\E[X,\E\Xl)E\X,]E\X.\ 


(16) 
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This  procedure  requires  that  69  differential  equations  be  gen¬ 
erated  from  Eq.  (13).  These  equations  consist  of  4  equations 
for  first-order  moments.  10  equations  for  second-order  mo¬ 
ments,  20  equations  for  third-order  moments,  and  35  equa¬ 
tions  for  fourth-order  moments.  These  equations  will  be  solved 
by  numerical  integration  by  using  the  IMSL  DVERK  sub¬ 
routine.  The  results  of  this  solution,  together  with  the  Gauss¬ 
ian  closure  solution,  will  be  discussed  in  Sec  HI. 

III.  Statistics  of  the  System  Response 

The  statistics  of  the  system  response  are  determined  for 
three  different  cases  of  system  parameter  uncertainties.  These 
are  1)  damping  random  variation,  2)  stiffness  random  varia¬ 
tion,  and  3)  damping  and  stiffness  variations.  The  results  of 
the  numerical  integration  are  presented  and  discussed  in  the 
following  sections. 

SfifOMi  of  (!»  Syitw  wkk  RariM  Dmph| 

The  time-history  response  of  the  displacement  mean  squares 
of  the  system  normal  coordinates  is  shown  in  Figs.  2  and  3 
according  to  the  Gaussian  and  non-Gausnan  closure  solu¬ 
tions,  respectively.  These  figures  display  both  the  transient 
and  steady-state  responses  for  exact  internal  tuning  ratio 
r  —  0.5,  damping  ratios  Zx  -  f2  «  0.02,  mass  ratio  mx/m 2  -  0.2, 
excitation  spectral  density  20^  -  0.08,  and  damping  variation 
density  DC]  -  DCi  -  0.1  A,.  Both  responses  show  that  the  tran¬ 
sient  response  level  is  greater  than  the  steady-state  level.  It  is 
seen  that  after  a  response  period  of  r  - 1000,  the  mean 
squares  fluctuate  between  two  hunts  for  the  Gaussian  closure 
solution  while  they  are  strictly  stationary  for  the  ooo- Gauss¬ 
ian  closure  solution.  This  difference  between  the  two  solutions 
is  due  to  the  fact  that  the  ooo-Gaussian  closure  more  ade¬ 
quately  models  the  system  nonhneanty  The  statiooanty  of 
the  response  of  coupled  nonlinear  systems  was  verified  by 
Schmidt,24  who  used  the  stochastic  avenging  method.  The 
influence  of  the  initial  conditions  on  the  time-history  response 
is  found  to  have  no  effect  on  the  steady-state  response  for 
both  solutions;  however,  the  effect  exists  only  during  the 
transient  period. 

The  numeric^'  integration  has  been  repeated  for  various 
values  of  internal  dettuang  parameter  r  in  the  neighborhood 
of  the  exact  internal  resonance  r  —  0.5.  The  results  are  shown 
in  Figs.  4  and  5  for  Gaussian  and  noo-Ganssian  closure 
solutions,  respectively.  These  figures  indude  response  curves 
for  the  case  of  deterministic  system  (Le,,  the  system  with 
constant  damping  coefficients)  for  comparison.  The  Gaussian 
closure  solution  is  indicated  by  two  curves  (for  each  mode), 
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which  represent  the  upper  and  lower  limits  of  the  quasi -sta¬ 
tionary  response  as  reflected  in  the  steady-state  time-history 
response  shown  in  Fig.  2.  The  oon-Gaussun  solution,  on  the 
other  hand,  is  shown  by  one  curve  for  each  mode  since  the 
response  achieves  a  stationary  response.  It  is  seen  that  the 
mean  square  of  the  first  normal  mode  approaches  the  response 
of  the  single  degree  of  freedom  as  the  internal  detuning  is  well 
removed  from  the  exact  internal  resonance  r  -  0  5  The  damp¬ 
ing  random  variation  has  a  remarkable  effect  on  the  Gaussian 
closure  solution,  and  the  effect  is  less  pronounced  m  the 
pop- Gaussian  closure  sedation.  In  the  noo-Gaussian  solution, 
the  damping  variation  results  in  a  slight  decrease  in  the 
mean-square  response  of  the  first  mode  and  a  corresponding 
increase  in  the  second  mode  mean- square  response  for  r  <  0  5 
For  r  >  0.5  the  effect  is  reversed.  It  is  found  that  the  damping 
fluctuation  does  not  have  a  uniform  effect  on  the  response  in 
the  case  of  Gaussian  closure  solution;  however,  the  region  of 
the  autoparametric  interaction  becomes  narrower. 

R—go— •  of  m>  Sy—sw  wMh  Rato  OiMftua 

Figures  6  and  7  provide  a  comparison  between  the  mean- 
square  response  of  the  system  as  obtained  by  Gaussian  and 
non-Gausrian  closure  solutions,  respectively.  The  response  of 
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the  system  with  stiffness  random  fluctuation  is  shown  by 
dotted  curves,  while  solid  curves  belong  to  the  response  of  the 
deterministic  system.  It  is  seen  that,  for  both  solutions,  a  small 
random  fluctuation  in  the  system  stiffness  ( Dki  -  -  O.IZ^) 

results  in  a  substantial  dijperson  of  the  response  statistics.  It 
is  known  that  under  random  stiffness  variation  the  system 
eigenvalues  win  be  random.25  Previous  investigations*2*  of 
the  response  of  linear  systems  (with  parameters  represented  by 
random  variables)  showed  that  a  small  dispersion  in  the 
stiffness  resulted  in  a  considerable  dispersion  in  the  system 
response.  It  is  also  evident  from  both  Figs.  6  and  7  that  the 
effect  of  the  stiffness  random  variation  is  to  increase  the  level 
of  the  response  mean  squares  and  to  widen  the  region  of 
autoparametric  interaction.  However,  the  characteristics  of  the 
autoparametric  vibration  absorber30-31  are  less  effective  in  the 
presence  of  stiffness  random  variation. 

CamMnsd  art  Stttwm  Vatattons 

The  system  mean-square  responses  of  the  system  with  equal 
levels  of  spectral  densities  of  the  damping  and  stiffness  ran¬ 
dom  parameters  ( Dn  -  Dkl  -  Olfl^)  are  shown  in  Figs.  8  and 


9,  according  to  Gaussian  and  non-Gaussian  closure  solutions, 
respectively.  Based  on  the  results  of  the  previous  two  cases,  it 
is  dear  that  the  system  response  is  mainly  dominated  by  the 
stiffness  random  variation. 

IV.  Conclusions 

The  influence  of  the  damping  and  stiffness  random  varia¬ 
tion  on  the  random  response  of  structural  systems  with  auto¬ 
parametric  interaction  has  been  determined.  The  Fokker- 
Planck  equation  approach  has  been  used  to  derive  a  general 
differential  equation  for  the  response  moments.  This  equation 
constitutes  an  infinite  coupled  set  of  moment  equations,  which 
are  truncated  by  two  closure  schemes.  These  closure  schemes 
are  based  on  the  properties  of  the  statistical  aimulants  The 
first,  referred  to  as  Gaussian  closure,  assumes  that  the  re¬ 
sponse  distribution  does  not  deviate  significantly  from  nor¬ 
mal.  The  other  scheme  takes  into  account  the  deviation  of  the 
response  distribution  from  being  Gaussian.  The  results  of 
both  solutions  are  calculated  and  represented  as  function  of 
the  internal  detuning  parameter.  The  Gaussian  closure  solu¬ 
tion  results  in  a  quasi-stationary  response,  while  the  non- 
Gaussian  closure  solution  is  stnctly  stationary  It  has  also 
been  found  that  the  random  variation  of  the  system  stiffness 
has  more  considerable  effect  than  the  effect  of  damping  varia¬ 
tion  on  the  response  mean  squares.  One  last  point  is  that  the 
model  selected  in  this  study  is  a  simple  structural  system  in 
which  several  characteristics  resemble  those  encountered  in 
aeroelastic  structures,  such  as  a  wing  with  external  store 
However,  the  investigation  did  not  consider  the  interaction 
with  random  aerodynamic  forces  that  results  in  stochastic 
nonlinear  flutter.  Currently,  the  authors  are  involved  in  a 
research  program  supported  by  the  AFOSR  to  examine  the 
stochastic  flutter  of  real  nonlinear  models  wings  and  panels 
under  random  aerodynamic  loading. 
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Structural  dynamics  with  parameter  uncertainties 

R  A  Ibrahim 

Department  of  Mechanical  Engineering,  Texas  Tech  University,  Lubbock  TX  "9409 

The  treatment  of  structural  parameters  as  random  variables  has  been  the  subject 
of  structural  dynamicists  and  designers  for  many  years.  Several  problems  have 
been  involved  during  the  last  few  decades  and  resulted  in  new  theorems  and 
interesting  phenomena.  This  paper  reviews  a  number  of  topics  pertaining  to 
structural  dynamics  with  parameter  uncertainties.  These  include  direct  problems 
such  as  random  eigenvalues  and  random  responses  of  discrete  and  continuous 
systems.  The  impact  of  these  problems  on  related  areas  of  interest  such  as 
sensitivity  of  structural  performance  to  parameter  variations,  design  optimiza¬ 
tion,  and  reliability  analysis  is  also  addressed.  The  paper  includes  the  results  of 
experimental  investigations,  the  phenomenon  of  normal  modes  localization,  and 
the  effect  of  mistuning  of  turbomachinery  blades  on  their  flutter  and  forced 
response  characteristics. 


1.  INTRODUCTION 

The  concept  of  uncertainty  plays  an  important  role  in  the 
investigation  of  various  engineering  and  physical  chemistry 
problems.  In  fluid  mechanics,  for  example,  the  inaccuracy  of 
measurements  is  called  “uncertainty”  which  differs  from  the 
concept  of  error  (Kline,  1985).  An  error  in  measurement  is  the 
difference  between  the  true  value  and  the  measured  value.  On 
the  other  hand,  an  uncertainty  is  a  possible  value  that  the  error 
might  take  on  in  a  given  measurement.  Because  the  uncertainty 
can  take  on  various  values  over  a  range,  it  is  inherently  random. 
In  control  theory,  the  differential  equations  of  control  systems 
often  involve  uncertain  bounded  state  variables.  The  parameters 
of  transfer  functions  of  certain  models  usually  vary  with  a 
certain  degree  of  uncertainty  (Ashworth,  1982V  Thus  a  prob¬ 
abilistic  transfer  function  can  be  defined  with  uncertain  param¬ 
eters  and  can  lie  anywhere  within  the  ranges  which  are  de¬ 
termined  from  simulation  tests.  The  identification  of  uncertain 
parameters  has  recently  been  examined  by  Skowronski  (1981, 
1984). 

Another  class  of  problems  involving  parameter  uncertainties 
is  the  random  heterogeneity  of  real  media  which  possess  proper¬ 
ties  that  are  described  in  a  probabilistic  sense.  More  specifically, 
these  properties  vary  randomly  with  respect  to  time  and  posi¬ 
tion.  and  thus  constitute  a  random  field.  The  theory  of  wave 
propagation  in  random  media  is  very  complicated  and  involves 
partial  differential  equations  whose  coefficients  are  random 
functions  of  space  and  time.  The  difficulty  of  random  wave 
propagation  problems  stems  from  the  fact  that  the  solution  of  a 
linear  partial  differential  equation  depends  nonlinearly  upon 
the  coefficients  (Chernov,  I960;  Frisch,  1968;  Sobczyk,  1985). 

In  physical  chemistry  the  problem  of  determining  the  vibra¬ 
tional  properties  of  randomly  disordered  crystal  lattices  in¬ 
volves  the  calculations  of  the  frequency  spectrum,  electronic 
energy  levels  of  binary  alloys,  thermodynamic  properties  of 
alloys,  isotropic  mixtures,  and  other  solid  state  phenomena.  Of 
particular  importance  is  the  “  normal  localization”  or  “  confine¬ 
ment”  phenomenon  which  was  first  reported  by  Anderson 
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(1958).  Anderson  showed  that  the  electron  eigenstates  in  a 
disordered  solid  may  become  localized  and  results  in  a  reduc¬ 
tion  of  metallic  conductivity.  In  structural  dynamics  with 
parameter  uncertainties,  irregularities  may  inhibit  the  propa¬ 
gation  of  vibration  within  the  structure  and  the  vibration  modes 
become  localized.  The  similarities  between  the  propagation  of 
vibration  in  an  elastic  system  and  the  conduction  of  electrons  *n 
a  solid  is  discussed  by  Hodges  (1982),  Hodges  and  Wood  ho  use 
(1983).  and  Pierre  et  al  (1986).  Several  problems  in  physics  and 
physical  chemistry  pertaining  to  crystal  lattice  dynamics  were 
reviewed  by  Elliot  et  al  (1974)  and  recently  documented  in  a 
monograph  by  Bottger  (1983). 

In  structural  dynamics,  uncertainties  arise  from  two  main 
sources  (Prasthofer  and  Beadle.  1975).  The  first  is  a  statistical 
one  and  is  due.  for  example,  to  the  stiffness  or  damping 
fluctuations  caused  by  random  variations  in  material  properties, 
randomness  in  boundary  conditions,  and  variations  caused  by 
manufacturing  and  assembly  techniques.  The  second  is  nonsia- 
tistical  and  is  due.  for  example,  to  the  inaccuracies  and  assump¬ 
tions  introduced  in  the  mathematical  modeling  of  the  structure. 
In  the  first  class  the  mechanical  properties  of  dynamic  systems 
are  subject  to  a  certain  degree  of  uncertainty  because  the 
physical  properties  of  their  elements  are  not  measured  exactly 
In  addition,  the  physical  properties  can  experience  variations 
with  the  passage  of  time  as  a  result  of  wear  and  tear  or  just 
inherent  deterioration.  These  properties  should  be  modeled  as 
random  variables  with  a  probability  distribution  representing 
the  distribution  of  the  measured  values.  This  modeling  results 
in  random  eigenvalues,  eigenvectors,  and  random  responses  of 
the  system  in  question.  The  analysis  of  random  eigenvalues  and 
eigenvectors  has  been  a  subject  of  several  studies  by  mathema¬ 
ticians  and  engineers  and  will  be  reviewed  in  section  3. 

Figure  1  shows  five  examples  of  structural  systems  involving 
parameter  and  load  uncertainties.  They  include  “  almost”  peri¬ 
odic  structures,  similar  component  subsystems,  multi-span 
beams,  rocket  fins,  and  turbomachinery  rotors.  The  rocket  fins 
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EI(x),  p(x>,  A(x) 


(e)  Misaligned  fins 


(c)  Disordered  multi¬ 
span  beam 


(f)  Non homogeneous  column 
with  uncertainties  in 
boundary  conditions  and 
axial  load 


FIG.  1.  Examples  of  disordered  systems 


are  not  usually  identical  in  their  areas  and  each  fin  has  some 
misalignment  with  the  rocket  longitudinal  axis.  For  the  case  of 
turbomachinery  rotors,  there  is  always  some  mass  and  stiffness 
eccentricity  in  the  disks.  Parameter  variations  exist  in  disk 
blades  and  result  in  corresponding  variations  in  the  individual 
natural  frequencies  of  the  blades.  This  problem  is  known  as 
mistuning  (Srinivasan.  1984)  which  may  have  a  significant  effect 
on  the  forced  response  amplitude  of  the  blades  and  also  in  the 
value  of  the  flow  speed  at  which  Rutter  of  the  blades  occurs. 
Other  examples  include  buried  pipelines,  railroad  trackes.  and 
interconnected  girders.  The  uncertainties  in  these  systems  affect 
to  a  large  extent  their  design  and  operating  performance. 

It  should  be  noted  that  parameter  irregularities  may  cause 
significant  changes  in  the  dynamic  characteristics  of  structural 


systems.  In  particular,  they  may  cause  the  occurrence  of  mode 
localization  which  can  be  used  as  a  means  of  passive  control  of 
vibrations.  In  civil  engineering  the  mechanical  and  strength 
properties  of  the  material  vary  from  one  point  to  another  point 
and  are  seldom  prone  to  certain  in  situ  measurements  but  onlv 
to  indirect  estimat  (Augusti  et  al.  1984).  The  uncertainty  of 
these  properties  has  a  direct  relationship  to  the  reliability  of 
such  structures.  These  uncertainties  are  usually  manifested  in 
the  applied  loads,  stiffness,  and  theoretical  models  that  are  used 
to  describe  and  relate  loading  and  resistance.  The  design  of 
structures  under  conditions  of  uncertainty  implies  a  balancing 
decision  between  risk  of  failure  and  cost  or  weight  (Ang  and 
Tang,  1984;  Frangopol,  1986).  The  risk  is  an  unavoidable 
consideration  for  structural  optimization  problems.  It  has  been 
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customary'  in  most  reliability  studies  to  measure  the  risk  by  the 
probability  of  failure  tie.  the  likelihood  of  occurrence  of  some 
specified  limit  state).  On  the  other  hand,  when  restrictions  and 
constraints  of  the  design  are  imprecisely  described,  the  design 
objective  functions  become  fuzzy  (Zadeh,  1965,  1973:  Brown. 
1980:  Brown  and  Yao.  1983).  Recently,  the  fuzzy  set  theory-  has 
been  applied  in  multi-objective  fuzzy  optimization  design  of 
ship  grillage  structures  (Gangwu  and  Suming.  1986). 

The  degree  of  sensitivity  of  structures  to  either  deterministic 
design  changes,  or  stochastic  parameter  variations  is  of  great 
importance  to  the  structural  dynamicist.  In  particular,  it  is 
essential  to  determine  if  small  perturbations  can  result  in  sig- 
nificant  changes  of  the  free  or  forced  response  amplitudes.  This 
sensitivity  analysis  is  of  great  concern  to  those  who  are  involved 
in  the  control  of  large  flexible  space  structures  ( Meirovitch  et  al. 
1983:  Nurre  et  al.  1984).  These  structures  possess  several  modes 
densely  packed  at  low  frequencies.  When  they  are  aescretized, 
model  eirors  occur  and  the  free  modes  of  vibration  cannot  be 
determined  accurately  Thus  when  a  control  system  is  designed 
for  natural  frequencies  whose  values  are  assumed  to  be  exact, 
the  model  errors  and  structural  uncertainties  may  deteriorate 
the  performance  of  the  control  loop,  and  may  even  make  the 
system  unstable.  This  problem  results  in  what  is  known  as 
robustness,  ie.  a  control  system  is  termed  robust  if  it  is  rela¬ 
tively  insensitive  to  model  errors  and  structural  uncertainties. 

TTiis  paper  provides  a  review  of  the  recent  theorems  and 
results  pertaining  to  structural  dynamics  with  parameter  uncer¬ 
tainties.  Am  early  account  of  the  subject  was  provided  by  Soong 
and  Cozzarelli  (1976).  Three  main  problems  will  be  addressed. 
These  are: 

1.  Random  eigenvalues. 

2.  Random  response  characteristics,  and 

3.  Design  optimization  and  reliability. 


3.  RANDOM  EIGENVALUES 


3.2.  Basic  concept  of  random  eigenvalue 

The  value  of  the  natural  frequency  of  simple  single  degree  - 
of-freedom  systems  is  given  by  the  square  root  of  the  .stiffness  to 
mass  ratio.  This  value  is  assumed  by  constant  for  identical 
systems.  However,  expenmen  is  have  shown  that  this  value 
varies  randomly  (Mok  and  Murray.  1965)  because  in  reality  the 
physical  properties  of  the  elements  can  neither  be  measured 
exactly  nor  manufactured  exactly.  Thus,  the  eigenvalues  are 
random  variables  whose  statistical  properties  are  determined  bv 
the  random  coefficients  of  the  inertia  and  stiffness  terms  of  the 
equations  of  motion.  Consider  for  example  the  natural  frequence 
of  a  simple  mass-spring  system 

A  =  <a‘  =  k ,  m  . 


the  variation  of  A  due  to  variations  in  stiffness  k  *  k  ~  8k  and 
mass  may  be  expressed  as  a  Taylor  senes 
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where  overbar  quantities  refer  to  mean  values  and  A  =  *  in 
When  the  variations  8  m  and  8k  are  random  variables  the 
natural  frequency  will  be  a  random  variable.  The  mean  and 
variance  of  A  can  be  evaluated  as  follows 
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Before  reviewing  these  three  problems  the  differences  between 
parametric  random  vibration  and  structural  dynamics  with 
parameter  uncertainties  will  be  discussed  first. 


2.  BETWEEN  PARAMETRICALLY  EXCITED  AND 

DISORDERED  SYSTEMS 

It  is  very  important  to  distinguish  between  two  types  of 
parameter  variations  encountered  in  structural  dynamics.  The 
first  type  arises  due  to  random  parametric  excitation  of  systems 
with  essentially  fixed  properties  while  the  second  class  is  inter¬ 
nal  and  is  associated  with  the  system  when  its  parameters  are 
represented  in  a  probabilistic  sense.  In  the  former  case  the 
system  equations  of  motion  are  stochastic  differential  equations 
with  random  coefficients  represented  by  random  processes 
(Ibrahim.  1985),  while  in  the  latter  case  the  equations  of  motion 
are  differential  equations  with  random  parameters  represented 
by  random  variables  (Soong,  1973).  The  methods  of  treating 
dynamic  systems  under  parametric  random  excitations  are  dif¬ 
ferent  from  those  used  in  solving  differential  equations  with 
random  variable  coefficients.  Parametric  random  vibration  is 
basically  a  combination  of  the  theory  of  stochastic  processes, 
stochastic  differentia}  equations ,  and  applied  dynamics.  Systems 
with  parameter  uncertainties  (referred  to  in  the  literature  as 
“disordered  systems”),  on  the  other  hand,  involve  boundary- 
value  problem  and  random  field  theory  (Vanmarcke.  1984)  the 
term  “disorder”  has  been  extensively  used  in  the  literature  to 
distinguish  between  the  case  of  random  perturbation  of  the 
system  parameters  (described  by  a  probabilistic  law)  and  the 
case  when  these  parameters  are  perturbed  in  a  deterministic 
sense. 
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The  same  is  applied  when  the  mass  moment  of  inertia  is 
included  in  the  equations  of  motion.  Collins  and  Thomson 
(1967)  derived  the  statistical  characteristics  of  principal  mo¬ 
ments  of  inertia  and  principal  axes  directions. 

Generally,  the  structural  dynamicist  is  interested  in  de¬ 
termining  the  probability  that  one  or  more  eigenvalues  he  in  a 
given  range  or  less  than  a  certain  value  t  Boyce.  1968).  However, 
the  probabilistic  description  of  the  eigenvalues  and  the  eigen¬ 
vectors  has  been  examined  for  a  limited  and  simple  class  of 
problems.  In  most  cases,  it  is  possible  to  calculate  the  statistical 
functions  (such  as  expectations,  variances,  and  covariance  func¬ 
tions)  of  the  eigenvalues  and  eigenvectors 

The  random  eigenvalue  problem  has  been  examined  for  a 
limited  number  of  linear  discrete  and  continuous  systems  The 
treatment  of  these  systems  is  based  on  the  analysis  of  random 
matrices  and  random  differential  operators  (Scheldt  and  Purkcrt. 
1983).  The  next  subsections  will  review  the  methods  and  main 
results  reported  in  the  literature 
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3.2.  Random  eigenvalues  of  discrete  systems 

The  statistics  of  random  eigenvalues  and  eigenvectors  of 
discrete  systems  may  be  determined  by  using  one  of  three  main 
approaches.  These  are  the  transfer  matrix  method,  the  random 
perturbation  method,  and  the  Monte  Carlo  numerical  simu¬ 
lation  algorithm.  The  transfer  matrix  method  (Kemer  1954, 
1956;  Soong,  1962)  utilizes  a  perturbational  expansion  of  the 
random  eigenvalues  in  terms  of  the  random  perturbations  of  the 
system  parameters.  The  perturbation  method  is  based  on  an 
asymptotic  expansion  and  combines  the  ordinary  perturbation 
and  multivariate  statistical  analysis.  The  multivariate  estab¬ 
lishes  the  probability  distributions  of  random  eigenvalues  in 
terms  of  the  distributions  of  the  matrix  coefficients  in  the 
equations  of  motion.  The  Monte  Carlo  method,  on  the  other 
hand,  generates  a  random  sample  of  the  system  random  param¬ 
eters  which  are  used  for  computing  numerically  the  eigenvalues 
and  eigenvectors  for  each  set  of  parameters  in  the  sample. 
Monte  Carlo  simulations  are  expensive  since  they  require  a 
large  number  of  numerical  solutions  to  define  the  probability 
level  at  the  tails  of  the  distribution.  This  disadvantage  becomes 
evident  when  one  deals  with  large  or  medium  size  systems 
where  numerical  sinulations  become  unrealistic  on  conventional 
digital  computers.  The  first  two  methods  will  be  outlined  in  the 
next  two  sections. 

3.2.1.  Transfer  matrix  method 

This  method  was  first  developed  for  disordered  periodic 
lattice  systems  by  Kemer  (1954, 1956).  It  was  adopted  by  Soong 
and  Bogdanoff  (1963)  to  examine  the  statistics  of  the  random 
eigenvalues  of  disordered  spring-mass  chain  of  -V  degrees  of 
freedom  of  the  type  shown  in  Figure  1(a).  Basically  the  method 
is  an  extension  of  the  transfer  matrix  developed  originally  for 
free  vibration  of  deterministic  discrete  systems  (Thomson.  1981). 
The  method  transfers  the  displacement  vector  (X),  of  the  j  th 
mass  into  next  mass  displacement  vector  [  X)  t  „  t .  ie 

(X},-[I  +  T],.,{X),.,.  (4) 

where  I  is  the  unit  matrix  and  (I  +  T]  is  the  transfer  matrix.  The 
first  displacement  vector  {X}u  is  related  lo  the  last  displace¬ 
ment  vector  {X}v  by  the  relationship 

{X}0-  nil  +  T],  (X)  v.  (5) 

In  order  to  demonstrate  the  method,  a  periodic  disordered 
chain  with  random  masses  and  constant  equal  springs  of  stiff¬ 
ness  K  will  be  considered.  Let  the  random  mass  be  defined  by 
the  expression 

m/ -m(l  +r(),  (6) 

where  m  is  the  mean  value  of  the  mass  and  c,  is  a  small 
random  variable  with  zero  mean. 

The  transfer  matrix  can  be  written  in  ihe  form 

[I  +  T],-[1  +  T1,  +  [E]„  (7) 

where  [E],  is  a  perturbational  transfer  matrix  which  results 
from  the  random  perturbations  <r 

The  characteristic  equation  can  be  established  from  eq.  (51. 
The  roots  of  this  equation  are  the  system  eigenvalues  u„.  In 
order  lo  determine  the  statistical  properties  of  the  eigenvalues  it 
is  necessary  to  express  u,  in  terms  of  the  random  variables  tr 
It  will  be  assumed  that  the  range  over  which  the  values  of  are 
distributed  is  small  and  w,  can  be  explained  in  powers  of  the 


random  variables 
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Lei  the  random  variables  be  statistically  independent,  identi¬ 
cally  and  normally  distributed  with  zero  mean.  This  means  that 
the  probability  density  function  of  each  is 

/>(<)“— 5=  « p{ -e*/2»,-).  (9) 

o,V2it 

where  o,z  is  the  variance  of  the  random  variable  c. 

From  the  theory  of  random  processes  (Laning  and  Battin. 
1956),  it  is  known  that  if  the  random  variables  t,  are  indepen¬ 
dent  and  normally  distributed  the  random  eigenvalues  will  be 
normaiy  distributed  with  mean  value  u„  and  variance 

These  two  statistical  parameters  provide  the  ele¬ 
ments  of  the  probability  density  function  of  u; ,  ie 


1  , 

-y=exp(  ~(u„  -  u>„)  / 


Figure  2  shows  p(w„)  and  the  standard  deviation  for  a 
spring-mass  chain  of  10  degrees  of  freedom  with  o,  «  0.05.  It  is 
seen  that  the  randomness  of  the  masses  results  in  a  considerable 
dispersion  in  the  high  frequency  region.  The  standard  deviation 
of  the  random  eigenvalues  increases  with  the  standard  deviation 
of  the  mass  perturbations  c,  according  to  the  formula  ( Soong. 
1962) 


J.  22  Random  perturbation  method 

The  perturbation  method  for  the  deterministic  eigenvalue- 
problem  is  well  documented  (Cole.  1968:  Meirovitch.  19801 
The  method  has  recently  been  extended  for  random  eigenvalues 
by  Scheldt  and  Purlcert  (1983).  The  eigenvalues  of  discrete 
systems  are  usually  determined  from  the  conservative  part  of 
the  system  equations  of  motion  whose  eigenvalue  equation  iv 
given  in  the  form 

(K|j)-AM(t)]{.tJ-{0|.  (121 

where  K(  s )  and  M(  s )  are  * ymmetnc  stiffness  and  mass  matrices, 
respectively.  The  elements  of  these  matrices  are  taken  from  the 
entire  sample  space  S.  ie.  scS  X,  and  (x),  are  the  yth 
eigenvalue  and  eigenvector,  respectively  The  random  matrices 
K(  j )  and  M(j)  can  be  written  as  the  sum  of  deterministic  and 
random  matrices 

K(  j)  -  K-M  r ). 

M(j) -M-m(s).  (131 

where  Ids)  and  th(i)  represent  random  fluctuations  in  the 
stiffness  and  mass  'matrices,  respectively,  with  zero  means  such 
that 
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Alternatively,  the  problem  can  be  stated  by  transforming  eq. 
(12)  into  the  standard  form 

(A-AI|{x)  -  {0}.  (15) 

where  A  is  the  system  dynamic  matrix  which  is  symmetric 
positive  and  has  the  random  perturbattonal  form 

A(j)-A  +  a<s).  (16) 

The  deterministic  matrix  A  has  the  simple  eigenvalues 

A,  <A,<  <A„.  (17) 

while  the  random  matrix  A(  s )  has  the  random  eigenvalues 

A,  ( s)  <A,(r)  <  <A.(  t).  (18) 

it  is  clear  that  the  existence  of  the  first  two  moments  of  the 
eigenvalues  A,(j)  is  implied  by  the  existence  of  the  first  two 
moments  of  the  elements  of  A(  s ). 

The  eigenvectors  (x),  are  normalized  by  the  relation 

(*..*,)  -  1.  (19) 

where  (x  ,x  , )  denotes  the  scalar  (or  inner)  product  of  the  same 
vector  x,.  le  (  x  ),r(x),.  Introducing  the  two  expansions 

£  *,«<»>  <20» 
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(x(i»,  -{*},-  £  {*(5)},.  (21) 
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where  {%}'  —  (0,0 . O.l'.O,  —  0)  is  the  normalized  eigenvec¬ 

tor  associated  with  \r  A  .(s)  and  {k(j)}/A  are  the  contribu¬ 
tions  due  to  the  perturbed  elements  of  K  j).  From  the  analytical 
dependence  of  A,  and  (x};  on  the  elements  of  a(r),  Scheldt  and 
Purkert  (1973)  showed  that  expansions  (20)  and  (21)  converge 
at  least  for  sufficiently  small  values  of  the  elements  of  *  s).  The 
homogeneous  terms  A  A(s)  and  {*<*)},*  up  to  fourth  order  are 
given  by  Scheidt  and  Purkert  (1983).  These  terms  can  then  be 
used  to  determine  the  expectations  and  correlation  relations  of 
the  random  eigenvalues  and  eigenvectors  If  the  correlation 
between  the  elements  of  t(r)  •  [a(/]  are  only  given,  then  up  to 
first-order  perturbation  (he  means  of  the  eigenvalues  and  eigen¬ 


vectors  are 
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where  A,. -A  -  A  .  (  Z},.  -  (  Z,,.  Z;;.  . .  Z.„ ; and  the  ele¬ 
ments  of  (  Z ),.  are  given  by  the  expression 
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On  the  other  hand,  the  correlation  relations  of  the  eigenval¬ 
ues  and  eigenvectors  up  to  the  ( k  -*-  l)-th  order  in  the  perturba¬ 
tions  a,  (  are 
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The  analysis  is  called  first  order  perturbation  if  first-order 
terms  in  expansions  (20)  and  (21)  are  retained  and  higher-order 
terms  are  excluded.  It  is  second  order  if  terms  up  to  second 
order  are  kept.  However,  second-order  perturbation  is  tedious 
and  involves  multivariate  statistical  analysis.  Most  of  the 
analyses  reported  in  the  literature  deal  with  the  first-order 
perturbation. 

Problems  involving  a  random  symmetric  matrix  with  multi¬ 
ple  eigenvalues  of  the  unperturbed  matrix  have  been  treated  by 
Scheidt  and  Purkert  (1983).  The  analysis  consists  in  the  formu¬ 
lation  of  a  convergence  condition  for  the  perturbation  expan¬ 
sions. 

Collins  (1967)  and  Collins  and  Thomson  (1969)  considered 
first-order  perturbation  and  derived  the  eigenvalue  and  eigen¬ 
vector  statistics  of  a  multi-degree-of-freedom  system  in  terms  of 
the  covariance  matrix  of  the  system  elements.  With  reference  to 
the  eigenvalue  eq.  (12)  they  showed  that  the  variations  in  the 
mass  and  stiffness  matrices  result  in  the  following  first  order 
variations  in  the  eigenvalue  and  eigenvector,  respectively: 


*2  d\, ,  _  v  £  d\, 

£  dxr,  _  £2  dxri  _ 

-  xri  -  L  -jH  */-*;)+  L  ■ 

y- 1  /-i  <im' 


.  (25) 
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If  the  dements  of  the  mass  and  stiffness  matrices  of  eq.  (12) 
are  random  variables  with  means  k  and  and  variances  or, 
and  a^,r  then  the  expected  eigenvalues  and  eigenvectors  are  A, 
and  x„.  respectively,  and  the  variance  of  the  eigenvalue  is 
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where 


cov(  k  .  k.)  -  (  ({k,-  kl){k,-lc,)p(kl.k,)dkidkl 


“  P,/®*  ,fai  / 


(28) 


and  p{krk,)  is  the  joint  probability  density  function  for  K , 
and  Kt,  and  p,,  is  the  correlation  coefficient  for  kt  and  k,. 
Expressions  for  cov( k , .  m, )  and  cov(  mr  mt)  follow  the  same 
format  of  relation  (8). 

For  a  simple  chain  of  equal  springs  and  masses  with  uncor- 
related  random  masses  or  with  random  uncorrelated  stiffnesses, 
Collins  and  Thomson  showed  that  the  standard  deviation  of  the 
frequency  is  governed  linearly  with  the  standard  deviations  of 
the  masses  and  stiffnesses.  The  results  were  confirmed  by  an 
independent  Monte  Carlo  simulation  and  were  very  close  to 
those  obtained  earlier  by  Soong  and  Bogdanoff  (1963).  How¬ 
ever,  these  linear  relationships  disappear  when  correlation  exists 
in  the  masses  or  stiffnesses  and  the  eigenvalues  are  not  closely 
spaced.  Recently  Pierre  (1985)  considered  two  different  discrete 
systems  and  employed  a  first-order  perturbation  to  solve  for  the 
statistics  of  their  eigenvalues.  The  first  system  is  a  mass-spring 
chain  with  random  mass  and  the  second  is  a  chain  of  coupled 
pendula  with  random  lengths.  His  results  were  found  identical 
to  those  obtained  by  Soong  and  Bogdanoff 


Schiff  and  Bogdanoff  (1972a,  b)  derived  an  estimator  for  the 
standard  deviation  of  a  natural  frequency  in  terms  of  second- 
order  statistical  properties  of  the  system  parameters  The  de¬ 
rivation  was  based  on  the  mean  square  approximation  devel¬ 
oped  by  Bogdanoff  (1965,  1966). 

It  may  be  noticed  that  the  statistical  properties  of  random 
eigenvalues  are  usually  based  on  the  assumption  of  normal 
distribution  of  the  system  random  parameters.  However  for 
correlated  non-Gaussian  parameters  the  analysis  can  be  per¬ 
formed  in  terms  of  another  set  of  Gaussian  random  parameters 
which  are  evaluated  by  using  the  Rosenblatt  (1952)  transforma¬ 
tion.  This  transformation  has  extensively  been  used  in  reliabil¬ 
ity  analysis  when  the  performance  function  is  nonlinear.  This 
issue  will  be  addressed  in  detail  in  section  5.1. 


33.  Random  dywdn  of  coariwoMs  systems 
3.3.1.  Methods  of  jm^io 

Continuous  systems  may  involve  uncertainues  from  two 
main  sources.  These  are  (Boyce  and  Goodwin  1964): 

( i )  Uncertainties  in  the  geometry  and  the  material  proper¬ 
ties.  The  random  variation  in  space  dependent  parame¬ 
ters  results  in  variations  of  the  differential  operators 
governing  the  free  vibrations  of  the  structure. 

( it )  Uncertainties  in  the  support  mechanism  of  the  system 
(or  the  boundary  conditions). 

The  uncertainties  of  the  first  class  constitute  a  random  field 
According  to  Vanmarcke  (1984)  the  behavior  of  disordered 
systems  is  governed  by  two  general  laws.  The  first  is  a  statement 
of  “conservation  of  uncertainty”  as  measured  by  the  product  of 
the  variance  by  the  scale  of  fluctuation  of  the  property  in  the 
random  field.  The  scale  of  fluctuation  is  taken  as  the  area  under 
the  correlation  function.  This  product  remains  invariant  under 
linear  transformation  that  preserves  the  mean.  The  second  lav. 
states  that  the  degree  of  disorder  of  a  homogeneous  random 
field,  as  measured  by  the  direction-dependent  bandwidth  mea¬ 
sure,  tends  to  increase  when  a  random  field  is  subjected  to  local 
aggregation. 

For  the  two  classes  of  uncertainties  the  random  eigenvalue 
has  been  determined  for  a  limited  class  of  dynamical  systems 
These  include  elastic  strings  and  bars  (Boyce,  1962;  Goodwin 
and  Boyce,  1964)  and  elastic  beams  (Boyce  and  Goodwin  1964: 
Bliven  and  Soong.  1969;  Hoshiva  and  Shah.  1971;  Shinozuka 
and  AstiU.  1972;  Vaicaitis  1974).  Boyce  (1968)  outlined  a  num¬ 
ber  of  techniques  for  determining  the  statistics  of  the  eigenval¬ 
ues  of  systems  described  by  partial  differential  equations  and 
boundary  conditions  involving  uncertainty  in  their  parameters 
These  differential  equations  are  of  order  In  and  usually  written 
in  the  form 

yw(x) -JTw(x).  ( 29) 

subject  to  the  boundary  conditions 

<*,(w)-0,  i-l,2 . In.  (30) 

where  Jt .  and  ♦,  are  differential  operators  (with  respect  to 
the  spatial  coordinate  x)  whose  cocfidents  are  random  vari¬ 
ables.  w(x)  is  the  displacement  of  the  system  at  x.  Equation 
(29)  involves  values  of  w  and  its  first  2n  -  1  derivatives  at  the 
end  points  of  the  interval  in  which  solutions  are  sought.  The 
eigenvalue  problem  defined  by  eqs.  (29)  and  (30)  is  assumed  to 
be  self-adjoint  and  positive  definite.  The  investigation  of  ran¬ 
dom  eigenvalues  has  been  carried  out  via  analytical  or  numeri¬ 
cal  approaches.  The  numerical  methods  include  the  Monte 
Carlo  simulation  and  stochastic  finite  element  methods.  The 
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analytical  treatment  of  the  random  eigenvalue  problem  of  sys¬ 
tems  described  by  eqs.  (29)  and  (30)  is  outlined  by  Boyce  (1968) 
and  Scheldt  and  Purkcrt  (1983)  The  mathematical  methods 
which  have  been  used  to  determine  the  statistical  moments  of 
eigenvalues  are  classified  according  to  whether  the  statistical  or 
nonstatistical  part  of  the  analysis  is  performed  first.  One  class 
consists  of  first  expressing  the  solution  in  terms  of  the  system 
parameters,  without  regard  to  whether  these  parameters  arc 
random  or  deterministic.  Having  obtained  such  a  solution,  the 
statistical  properties  are  then  determined.  According  to  Keller 
(1962,  1964)  this  approach  is  referred  to  as  “hones!”  and  the 
solution  can  be  determined  by  using  one  of  the  following 
techniques  (Boyce,  1968:  Scheidt  and  Purkcrt,  1983): 

( i )  Perturbation  methods. 

(it)  Variational  methods 
(  hi  )  Asymptotic  estimate  methods 
(nr)  Integral  equation  methods. 

The  “honest"  approach  docs  not  provide  an  exact  solution  and 
the  above  four  methods  are  not  suitable  for  every  problem  For 
example,  the  variational  methods  are  not  suitable  for  structures 
with  random  boundary  conditions.  Variational  methods  and 
integral  equation  methods  are  limited  because  they  only  lead  to 
statements  for  the  first  eigenvalue  of  the  system.  Moreover,  in 
order  to  apply  the  integral  equation  methods,  very  strong 
condi uons  for  the  calculation  of  the  mean  of  the  eigenvalues  are 
required.  Under  certain  conditions  pertaining  to  the  spatial 
correlation  function,  the  asymptotic  methods  and  perturbation 
techniques  lead  to  the  same  results.  The  perturbation  methods 
have  less  restrictions  and  are  extensively  used  in  the  literature 
The  approach,  on  the  other  hand,  is  called  'dishonest” 
(Boyce.  1967)  if  the  statistics* of  the  eigenvalue  problem  are 
directly  determined  by  performing  averaging  anaivsis  to  the 
system’s  partial  differenual  equation  and  its  associated  boundary 
conditions.  The  statistics  can  be  evaluated  by  using  one  of  the 
following  methods: 

(r)  Iteration  methods. 

(«)  Hierarchy  methods ( Haines.  1965.  1967:  Adomian. 

1983). 

The  iteration  methods  are  based  on  some  assumptions  for  the 
correlation  relations  in  order  to  solve  the  averaged  integral 
equations  of  the  random  eigenvalue.  The  hicrardiy  methods 
take  into  consideration  further  equauons  so  that  all  statistical 
functions  in  question  can  be  calculated. 

In  a  senes  of  papers  by  Purkert  and  Scheldt  (1977. 1979a.  b). 
a  number  of  theorems  pertaining  to  functionals  of  weakly 
correlated  processes  encountered  in  the  eigenvalue  problems, 
boundary  value  problems,  and  initial  value  problems  were 
established.  They  treated  the  stochastic  eigenvalue  problem  for 
ordinary  differential  equations  with  deterministic  boundary 
conditions.  The  coefficients  of  the  differential  operator  were 
independently  weakly  correlated  processes  of  small  correlation 
spatial  length.  They  showed  that  as  the  correlation  length 
becomes  very  small,  the  eigenvalues  and  eigenvectors  possess 
Gaussian  distributions.  This  result  has  recently  been  confirmed 
by  Boyce  and  Xia  ( 1983).  When  the  random  terms  are  not  small 
the  perturbation  method  is  no  longer  valid  and  the  second  term 
in  the  Hermite- Chebychev  expansion  (Ibrahim.  1985)  of  the 
distribution  function  will  not  vanish.  This  implies  that  the 
distribution  of  the  eigenvalue  wifl  not  be  normal.  Boyce  and 
Xia  (1985)  obtained  the  upper  bounds  for  the  mean  of  eigenval¬ 
ues  through  a  variational  characterization  of  the  eigenvalues. 
For  stochastic  boundary  value  problems  Unde  (1969)  and 


Boyce  (1966,  1980)  considered  a  Sturm- Liouville  problem  with 
a  stochastic  nonhomogeneous  term  In  their  recent  monograph 
Sheidt  and  Purkcrt  (1983)  analyzed  the  moments  of  the  ei¬ 
genvalues  and  mode  shapes  of  random  matrices  and  random 
ordinary  differential  operators.  The  calculations  of  these  mo¬ 
ments  were  based  on  perturbation  expansions,  and  so  required 
the  random  terms  to  be  appropriately  small.  Day  (1980)  de¬ 
veloped  a  number  of  asymptotic  expansions  for  the  random 
eigenvalues  and  eigenvectors  of  continuous  systems. 

The  coocept  of  the  Wiener  field,  which  is  obtained  b\ 
replacing  the  tune  variable  of  the  Wiener  process  by  a  space 
coordinate,  was  adopted  by  Wcdig  (1976,  1977)  as  a  basic 
model  for  randomly  distributed  loadings  or  imperfections  of 
continuous  structural  systems.  The  solution  of  such  boundan 
value  problems  may  thus  be  described  by  integral  equations 
defined  on  the  Wiener  field  and  thus  possesses  the  Markov 
properties.  Wedig  showed  that  these  integral  equauons  ma\  he 
interpreted  in  the  mean  square  sense  via  the  boundary  and 
eigenvalue  problems  of  elastic  structures  with  random  distrib¬ 
uted  imperfections  or  loadings. 

13.1  Apptcmitm 

The  random  eigenvalue  of  a  column  under  axial  force  F 
shown  in  Figure  1(f),  is  described  by  the  second  order  partial 
differential  equation 
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where  » I  t.  I  ( is  the  lateral  displacement  ai  distance  I  and  lime 
i.  L  is  the  length  of  the  column.  EM  x )  is  the  IlexuraJ  stiffness, 
and  »/4<  X )  is  tbe  column  mass  per  unit  length  A",  and  A  arc 
the  stiffnesses  of  the  end  springs  For  simple  suppons  A,  -  A 
-  0.  and  for  fixed  supports  A,  -  K.  -  * 

The  solution  of  eq.  f 31 )  mav  he  expressed  in  ibe  form 


w(  *.  0  ”  £  l/(  V)exp(  iui)  t .. 3 ) 


Introducing  the  following  substitutions 


X-x/L. 

HX)-i[  1  *„(  .V ) ] . 
4<  X)  -  A[l  .  a{  V)]. 
H-FL'/U. 

\  -  pitV/EI. 


where  a<  A)  anti  at  A)  are  random  variables,  eq  <31 1  and  the 
boundary  conditions  (32)  for  mode  j  become: 

([1  -a(  *)](/••<  A)}" -(.(/'-(  A)  -\[1  -a(  V)]U  .10-0. 

I  34) 

[1  +  a(0)]f/"(0)  -  (  A,E/EI)t/'(0)  —  0.  f/(0)-0: 

[1  +  «(l)]t/"(l)  +  (  fC,i./EI)l/'(  1 )  -  0.  V{  1 )  -  0. 

(35) 
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where  a  prime  denotes  differentiation  with  respect  to  X.  and 
subscript  j.  indicating  the  mode  number  in  expansion  (33).  is 
removed. 

Ho&hiya  and  Shah  (1971)  employed  the  standard  perturba¬ 
tion  analysis  to  determine  the  expected  value  and  variance  of 
the  eigenvalue  of  the  nth  mode  by  using  a  linearized  perturba¬ 
tion  technique  They  found  that  the  variance  of  the  nth  natural 
frequency  is  proportional  to  the  variances  of  the  stiffness  coeffi¬ 
cients  at  the  boundaries  and  the  axial  load.  This  linear  relation¬ 
ship  implies  that  the  principle  of  superposition  can  be  applied 
in  a  modified  form.  For  the  buckling  case.  ic.  when  X  -  0.  the 
eigenvalue  problem  is  reduced  to  determine  the  statistics  of  the 
buckling  eigenvalue  (August!  et  ah  1982.  1984).  Shmozuka  and 
As  till  (1972)  considered  the  case  when  both  X,  and  X:  are 
random  variables. 

The  natural  frequencies  of  transverse  vibration  of  elastic 
beams  were  analyzed  by  Boyce  and  Goodwin  (1964)  They 
considered  the  geometry  of  the  cross- section  of  the  beam  and  i  is 
support  mechanism  as  random  variables.  The  statistics  of  the 
eigenvalues  were  determined  by  using  three  different  tech¬ 
niques.  These  were  the  perturbation  method,  the  method  of 
integral  equations,  and  numerical  solution.  Bliven  and  Soong 
(1969)  determined  the  statisucs  of  the  natural  frequencies  of  a 
simply  supported  elastic  beam  with  random  imperfections  m 
the  beam  stiffness.  The  beam  was  modeled  as  a  lumped-parame¬ 
ter  mode!  and  the  properties  of  the  frequencies  were  derived  bv 
using  a  perturbation  method.  The  stiffness  random  variation 
was  represented  by  the  relation 

EI-El/(l  *a(x)]. 

where  H  is  the  mean  value  of  the  beam  stiffness  and  m  is  a 
stationary  random  field  process  with  zero  mean  and  autocorre¬ 
lation  function  given  by  the  relation 

E[a(  x,).a(  *,)]  -«:exp<  -|x,  -  x:\/d).  (36) 

where  d  is  a  non-negative  constant  known  as  the  correlation 
distance. 

The  standard  deviation  of  the  natural  frequency  of  the  beam 
was  obtained  in  the  closed  form 

<rw  (  * )  -  w (  n)ff^;(V)  .  (37) 

where  £<  n )  is  the  nth  mode  natural  frequency  of  the  uniform 
beam  -  n:n2\  E 1/mL* . 

g(  n)  -  (l  flsur(  n*x.)sur(  ) 

xexp(  —  | x,  -  x2i/d\dxxdx: . 

and  m  is  the  beam  mass  per  unit  length. 

Bliven  and  Soong  found  that  when  the  stiffness  fluctuation 
has  zero  correlation  distance  d  -  0.  the  natural  frequency  stan¬ 
dard  deviation  vanishes.  The  standard  deviation  was  found  to 
reach  the  value  of  ew(n)  »05«(  n)o  when  the  stiffness  vari¬ 
ation  is  perfectly  correlated  ( d  -•  » ). 

The  random  eigenvalue  of  a  beam-column  supported  at  its 
ends  by  a  rotary  springs  was  examined  by  Shinozuka  and  Astill 
(1972).  The  spring  supports  and  axial  applied  force  were  treated 
as  random  variables.  The  distribution  of  material  and  geometric 
properties  were  considered  correlated  homogeneous  random 
functions.  The  distributions  of  these  properties  were  generated 
by  using  a  Monte  Carlo  simulation  for  multivariate  and  mul¬ 
tidimensional  random  processes  developed  originally  by 
Shinozuka  (1971).  The  mean  and  variance  of  the  eigenvalues 
were  determined  by  using  the  perturbation  analysis  and  Monte 
Carlo  simulation.  It  was  found  that  the  application  of  ap¬ 
proximate  methods,  such  as  the  perturbation  technique  based 
on  exact  or  an  assumed  mode  shape,  causes  a  considerably 
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greater  error  for  the  buckling  case  than  m  the  vibrauon  case 
Furthermore,  the  perturbation  solution  for  the  eigenvalue  van 
ance  can  be  approximated  reasonably  well  by  using  an  assumed 
mode  shape  m  place  of  the  unperturbed  mode  shape.  Vaicaitis 
(1974)  employed  a  two- variable  perturbation  expansion  proce¬ 
dure  to  determine  the  eigenvalues  and  normal  modes  of  beam* 
with  random  and/or  nonuniform  characterisucs  which  do  not 
deviate  considerably  from  the  beam  mean  properties  A  Monte 
Carlo  simulation  was  used  to  determine  the  statistical  averages 
of  beam  eigenvalues  and  mode  shapes  Two  cases  of  random 
fluctuations  of  beam  cross  section  were  considered  For  one 
particular  case  there  was  significant  deviauon  attributed  mainh 
to  the  fact  that  gradual  change  in  the  beam  stiffness  was 
permitted.  In  this  case  the  beam  is  'soft1'  at  one  end  and 
**  hard'*  at  the  other  end. 

Han  and  Collins  (1970),  Collins  ei  ai  (1971 ).  and  H as.se  1  man 
and  Han  (1971.  1972)  developed  a  numerical  method  for  com¬ 
puting  the  variance  of  structural  dynamic  mode  properties  h\ 
using  component  mode  synthesis  which  was  formulated  ongi- 
nally  by  Huny  (1964.  1965).  Numerical  solution  provided  rea¬ 
sonable  results  for  lower  modes  even  when  a  relatively  small 
percentage  of  available  component  modes  is  used.  Han  (19‘,3» 
developed  a  general  algorithm  for  calculating  the  statistics  of 
the  natural  frequencies  and  mode  shapes  of  structures  acted 
upon  by  an  external  static  loading  This  type  of  problems 
involves  considerable  calculations  due  to  the  fact  that  the 
proportionate  axial  load  m  each  member  of  the  structure  ;> 
dependent  upon  the  structural  parameters  which  arc  random 
variables  For  the  two-bar  truss  shown  in  Figure  3  Han  de¬ 
termined  the  first  natural  frequency's  mean  and  standard  devia¬ 
tion.  The  influence  of  the  static  load  on  the  statistics  of  the  rirsi 
natural  frequency  is  shown  m  Figure  4  It  is  seen  that  the 
standard  deviauon  of  the  natural  frequency  increases  with  the 
axjaJ  load  The  implication  of  this  increase  was  further  demon 
strated  in  Figure  5  by  using  normal  probability  density  func 
non  The  observed  flattening  shape  of  the  probability  densitv 
function  with  increased  compressive  loading  shows  a  marked 
decrease  in  confidence  wuh  the  magnitude  of  loading 

The  random  eigenvalue  problem  of  disordered  periodic  beam 
was  considered  by  Lin  and  Yang  (1974)  They  used  a  first-order 
perturbauon  procedure  to  denve  expressions  for  the  variances 
of  natural  frequencies  and  normal  modes  for  different  cases  of 
random  bending  stiffness  and  span  lengths  The  natural  fre 
quencies  were  found  to  be  more  sensiuve  to. span  variations 
than  to  bending  stiffness  fluctuation  It  was  shown  that  if  the 
random  variations  in  bending  stiffness  for  different  spans  arc 
uncorrelated  then  there  is  no  effect  on  the  statistics  of  the 
eigenvalues  The  effect  exists  only  when  there  is  a  correlation  in 
the  random  variation  in  the  individual  spans  For  a  random 
variation  in  the  span  lengths  it  was  shown  that  the  variance  of 
the  natural  frequency  is  inversely  proportional  to  the  number  of 


FIG  3  Two  bar  truss  (Hart.  1973) 
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FIG  4  V'anauon  in  fundamental  natural  frequencs  statistics  »ith  applied  load  (Hart,  WMj 


spans.  The  random  imperfections  m  spatial  periodicity  also 
resulted  in  variability  in  the  normal  modes  However,  due  to  the 
arbitrary  choice  of  modal  amplitude  the  variance  of  the  normal 
mode  was  not  a  unique  function  of  space 

The  statistics  of  natural  frequencies  of  mistuned  blades  of  a 
circumferentially  closed  packet  of  turbomachinery  were  ex¬ 
amined  by  Ewins  (1973)  and  Huang  (1982).  When  the  bladed 
disk  assembly  is  tuned  and  alJ  the  blades  are  identical  (be 
natural  frequencies  and  mode  shapes  are  quite  regular  Each 
mode  may  be  described  as  having  a  particular  number  of  nodal 
diameters,  just  as  for  an  unbladed  disk.  However,  when  the 
blades  are  mistuned  to  a  degree  which  might  well  exist  in 
service,  the  mode  shapes -and  frequencies  become  irregular  In 
this  case  the  natural  frequencies  of  the  individual  blades  can  be 
randomly  different  from  one  another.  This  problem  is  belonging 
to  systems  with  periodic  random  parameters  and  such  systems 
are  modeled  by  a  stiff  nng  supported  by  transverse  spnngs  with 
randomly  distributed  stiffness  and  mass  parameters  Huang 
adopted  an  exponential  form  for  the  auto-  and  cross-correlation 
function  of  the  random  structural  parameters  This  form  was 
originally  assumed  by  Hoshiya  and  Shah  (1971)  The  analysis  of 
Huang  was  based  on  a  spectral  analysis  method  He  found  that 
the  mean  of  the  natural  frequency  of  the  structure  with  random 
parameters  is  identical  to  the  natural  frequency  of  the  structure 


with  homogeneous  parameters  The  standard  deviation  of  the 
natural  frequency  of  with  mode  was  expressed  m  terms  of  the 
( 2  m  >th  Fourier  coefficients  of  the  random  parameters  and  w  as 
represented  as  a  vector  sum  of  their  standard  deviations  While 
the  normal  modes  of  a  homogeneous  structure  have  a  shape  .*( 
harmonic  waves  with  symmetrically  located  nodal  diameter v 
for  a  structure  with  random  parameters  the  mode  shapes  arc 
complicated  and  the  nodal  diameters  are  located  unsvmmetn 
callv  It  was  shown  that  these  modes  have  a  shape  involving  noi 
only  the  main  harmonic,  but  also  an  infinite  number  of  harmon¬ 
ics  In  addition,  these  random  normal  modes  are  orthogonal 
despite  their  complicated  form  Another  important  feature  was 
that  the  phase  angles  of  random  normal  modes  are  not  arbitrars 
(as  in  the  case  of  a  homogeneous  structure!  but  are  random 
variables  independent  of  the  initial  conditions 

Recently,  the  stochastic  finite  element  method  has  been  used 
by  Nakagin  et  al  (1985)  to  determine  the  uncertain  eigenvalue 
of  fiber  reinforced  plastic  (FRB)  laminated  plates  These  com 
posite  materials  usually  exhibit  anisotropy  and  hetcrogeneits 
The  elastic  constants  may  fluctuate  around  the  mean  values  due 
to  some  slackness  during  the  manufacturing  process  which 
causes  spatial  distribution  of  the  volume  fraction  In  addition, 
another  parameter  known  as  the  stacking  sequence  is  usually 
used  as  a  major  design  parameter  of  the  FRB  laminated  plates 


Fundamental  natural  frequency 
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FIG  5  Probability  density  function  vanation  with  applied  load  (Hart.  1973) 
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The  stacking  sequence  ( Vinson  and  Chou.  1975)  implies  a  group 
of  parameters  such  as  elastic  constants,  layer  number,  liber 
orientation,  and  layer  thickness  Nakagin  et  aj  considered  the 
effect  of  the  fluctuation  of  the  overall  stiffness  due  to  uncertain 
variation  of  the  stacking  sequence  The  uncertain  slacking  se¬ 
quence  was  treated  as  a  set  of  random  variables  for  the  case  of 
simply-supported  graphite/epoxy  plates  It  was  found  that  the 
eigenvalue  is  more  sensitive  to  the  standard  deviation  of  the 
liber  orientation,  and  the  effect  of  the  stacking  sequence  is  more 
pronounced  for  the  rectangular  plate  than  for  the  square  one 
3.3.3.  .VenasW  mad,  locmkima— 

Periodic  structures  with  slight  variations  in  their  periodicity 
can  exhibit  a  phenomenon  known  as  normal  mode  localizauon 
This  phenomenon  lakes  place  in  a  manner  that  vibrauonal 
energy  injected  into  the  structure  by  an  external  source  cannot 
propagate  to  arbitrarily  large  distances,  but  is  instead  substan- 
ually  confined  to  a  region  close  to  the  source  Hodges  ( 19*2' 
called  this  phenomenon  as  “Anderson  localization''  due  to 
Anderson  (1958)  who  discovered  mode  localizauon  :n  solid 
state  physics  in  an  attempt  to  understand  electrical  conduction 
processes  in  disordered  solids  The  effect  of  irregularities  has  a 
similar  effect  to  damping  in  that  it  limits  the  propagauon  of 
vibrations  at  large  distances  from  the  excitation  source  This 
effect  is  mainly  caused  by  confinement  of  the  energy  close  to 
the  source,  not  by  dissipauon  of  the  energy  as  it  propagates  out 
The  phenomenon  of  mode  localizauon  can  be  well  under¬ 
stood  by  using  the  coupled  pendula  example  (Fig  l(b)|  which 
was  adopted  by  Hodges  1 1982)  Hodges  provided  an  excellent 
explanation  of  mode  localizauon:  If  all  pendula  are  identical  so 
that  their  individual  natural  frequencies  are  precisely  equal, 
then  the  normal  modes  of  oscillation  when  these  pendula  are 
coupled  together  extend  throughout  the  system,  the  amplitude 
of  oscillation  of  each  pendulum  vanes  sinusoidally  with  its 
position  in  space  On  the  other  hand,  if  the  natural  frequency  of 
oscillation  vanes  from  pendulum  to  pendulum  in  some  kind  of 
random  fashion. 'then  in  the  limit  of  zero  coupling  norma) 
modes  consist  of  oscillation  of  individual  pendula  at  frequen¬ 
cies  equal  to  their  natural  frequencies  For  small  coupling  the 
normal  inodes  remain  localized  close  to  individual  pendula  and 
the  normal  mode  frequencies  approximate  the  natural  frequen¬ 
cies  of  the  pendula.  Thus  for  a  particular  mode  one  pendulum  is 
oscillating  close  to  its  natural  frequency  with  a  large  motion  Its 
nearest  neighbors,  unlike  the  ordered  system,  are  driven  off 
resonance,  and  since  the  coupling  is  weak  they  respond  with 
much  smaller  amplitudes  These  neighbors  in  turn  drive  pendula 
further  out  and  so  on.  but  at  each  step  the  driving  force  and 
response  tend  to  diminish  in  magnitude  A  typical  mode  shape 
diagram  is  shosvn  m  Figure  6  In  terms  of  forced  oscillations, 
mode  localizauon  implies  localization  of  the  response  in  the 
vicinity  of  the  exatauno  point 

The  effect  of  mode  localizauon  was  examined  by  Bendiksen 
1 1984a.  bl  and  Valero  and  Bendiksen  (1985)  who  showed  that 


FIG  6  Schematic  diagram  of  the  site  amplitude  w(i  |  for  a  local¬ 
ized  normal  mode  (Hodges.  19821 


irregularities  in  shrouded  blades  of  jet  engine  rotors  can  result 
in  a  stabilizing  mechanism  which  is  closely  connected  with  the 
phenomenon  of  mode  locahzauan  In  the  framework  of  local¬ 
ization  theory,  the  siabtlmng  mechanism  is  explained  based  on 
the  fact  that  the  original  monochromatic  Duller  wave  is  scattered 
into  waves  of  different  and  more  stable  wavelengths  and  inter 
blades  phase  angles  While  the  effect  of  mistiming  between 
turbomachinerv  blades  IS  favorable  in  flutter  t  see  also  Kaza  and 
kielb.  1982)  it  can  lead  to  an  increase  to  amplitude  on  at  least 
one  blade  in  forced  vibration  u tuition  a*  will  be  shown  m 
section  4  12. 

For  periodic  muJtupan  beams  Miles  ( 1956)  showed  that  the 
natural  frequencies  are  clustered  in  an  infinite  number  of  groups, 
or  bands,  with  a  frequencies  in  each  band,  where  n  is  the 
number  of  spans  If  a  toroomai  spring  is  placed  at  the  ft  1 
intermediate  support  location,  then  the  width  of  the  frequency 
bands  diminishes  as  the  spring  constant  k  increases  In  the 
limit  as  the  spring  constant  goes  to  infinite .  the  beam  become  ^ 
clamped  at  the  constraint  locations  and  the  width  of  the 
frequency  bands  is  reduced  to  zero.  Pierre  et  ai  <  1 9K6  >  estab¬ 
lished  an  internal  coupling  parameter  which  is  equivalent  to  the 
inverse  of  the  torsional  spring  constant  l  A,  For  k,  -  o  the 
spans  are  fully  coupled  For  large  values  of  the  spring  constant 
and  irregular  spacing  between  supports,  a  multispan  beam  can 
be  regarded  as  a  disordered  chain  of  weaklv  coupled  suhws 
terns  Pierre  (19*5)  and  Pierre  and  Dowell  (19R6)  developed  a 
theoretical  analysis  for  the  mode  localizauon  phenomenon  and 
indicated  that  the  free  modes  of  vibrauon  are  susceptible  to 
becoming  localized  and  the  natural  frequencies  of  the  multispan 
beam  are  in  bands  of  small  width  if  the  spring  constant  is  large 
They  proposed  a  general  criterion  stating  that  localization  mav 
occur  if  the  width  of  the  frequency  band  of  the  ordered  svstem 
is  of  the  order  of.  or  smaller  than,  the  spread  in  individual 
natural  frequencies  of  the  disordered  component  systems 

Pierre  et  a!  (19*6)  determined  the  free  modes  of  transverse 
vibrauon  of  a  disordered  two-span  beam  by  using  a  Ravletgh 
Ritz  formulation  with  the  constraint  conditions  enforced  b\ 
means  of  Lagrange  multipliers  They  developed  a  modified 
perturbation  method  to  analyze  the  localized  modes  Figure 
shows  the  mode  shapes  for  tuned  and  mis  tuned  beam  for 
torsional  spring  parameter  c  -  1000.  where  <  -  Ilk,/ El.  /  :s 
the  length  of  the  beam  and  £  and  /  are  the  Young's  modulus 
and  area  moment  of  inertia  of  the  beam,  respectively  For  a 
mis  tuned  beam  it  is  seen  that  mode  localization  is  manifested  in 
that  the  peak  deflection  is  much  larger  in  one  span  than  m  the 
other  one 


4.  RANDOM  RESPONSE 

The  response  of  linear  structural  components  with  uncertain 
parameters  can  be  determined  by  using  standard  techniques 
such  as  the  impulse  and  frequency  response  functions  and 
perturbation  methods,  or  numerical  approaches  such  as  stochas¬ 
tic  finite  methods  and  Monte  Carlo  simulation  The  results 
reported  in  the  literature  wiD  be  reviewed  in  the  next  two 
subsections. 


4.1.  S tandnrd  frhafpii 

4. 1. 1.  Sfcpfc  swam*  pwpnwn 

In  an  attempt  to  examine  certain  aspects  of  the  dynamical 
response  of  statistically  defined  systems.  Chenea  and  Bogdanoff 
(1958)  and  BogdanofT  and  Chenea  (1961)  considered  a  linear 
single  degree-of-freedom  system  with  .independent  discrete  dis 
tnbutions  in  the  maw,  damping,  and  stiffness  coefficients  The 
analysis  of  BogdanofT  and  Chenea  was  based  on  a  partial 
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FIG  "  First  two  mode  shapes  for  tuned  (  —  i  and  mistimed  t - >  two-span  beam  A/  -  0  01.  t  -  1<NJ()  < Pierre  ct  al.  NKM 


differential  equation  for  the  response  joint  density  function 
( Kozin.  1961)  This  equation  is  known  as  the  LiouviUe  equation 
(Soong.  1973)  and  is  identical  to  the  Fokker-  Planck  equation 
with  zero  diffusion  coefficient.  Small  dispersions  in  the  system 
parameters  were  found  to  result  in  a  considerable  dispersion  in 
the  frequency  response.  The  impulse  response  of  the  same 
system  was  determined  by  using  the  perturbation  method  by 
Chen  and  Soroka  (1973).  They  considered  a  linear  system 
described  by  the  differential  equation 

X^2^„X  +  *£*-/(').  (38) 

where  the  natural  frequency  is  considered  random 
f«„,  Hi  is  a  constant  and  the  perturbation  is  a  random 
variable  with  zero  mean,  c  is  a  small  perturbational  parameter 
and  /(f)  is  an  impulse  excitation.  Chen  and  Soroka  derived  the 
solution  of  equation  (38)  by  using  a  perturbational  technique. 
Figure  8  shows  a  sample  of  the  time  history  response  curves  for 
damping  ratio  f  -  0.05.  It  is  seen  that  both  the  mean  and 


standard  deviation  of  the  response  amplitude  are  nonstationan. 
and  the  standard  deviation  is  90  degrees  out  of  phase  from  the 
mean.  The  amplitude  of  the  response  standard  deviation  in¬ 
creases  with  time,  and  gradually  dampens  out  after  it  reaches  a 
certain  level.  For  systems  with  a  verv  high  natural  frequents 
the  uncertainty  in  the  natura  frequency  was  found  to  have  verv 
small  effect  on  the  response  statistics  However,  the  effect  is 
significant  if  the  natural  frequency  is  low  As  the  damping 
factor  decreases,  the  dispersion  from  the  mean  became  substan 
nal. 

The  response  of  multi -degree -of- freedom  systems  with  ran¬ 
dom  parameters  was  examined  by  Soong  and  Bogdanoff  <  1  %?. 
1964)  and  Chen  and  Soroka  (1974)  Soong  and  Bogdanoff 
determined  the  statistics  of  the  impulse  admittance  and 
frequency  response  of  a  linear  chain  with  random  masses  dis¬ 
tributed  in  a  small  range.  Chen  and  Soroka  developed  a  method 
which  relates  the  statistics  of  response  parameters  to  the  statis¬ 
tics  of  the  system  eigenvalues  and  eigenvectors  Thev  showed 
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that  the  response  statistics  of  disordered  systems  are  higher 
than  those  of  purely  deterministic  systems  The  instantaneous 
transient  response  statisucs  of  an  undamped  linear  multi- 
degrec-of* freedom  system,  with  random  stiffness,  subjected  to 
arbitrary  but  deterministic  forcing  functions  was  investigated 
by  Prasthofer  and  Beadle  (1975)  For  the  case  of  an  impulsive 
excitation,  they  found  that  the  growth  of  the  response  uncer¬ 
tainty  is  exponential  As  the  standard  deviation  of  the  suffness 
increases  the  response  mean  square  increases  rapidly  with  time 
For  a  multi-degree-of-freedom  system  the  response  decay  rate 
decreases  as  the  correlauon  coefficient  between  the  sufTness 
elements  increases.  The  influence  of  damping  uncertainty  on  the 
frequency  response  of  a  linear  multi-degree-of- freedom  system 
was  examined  by  Caravam  and  Thomson  il973>  They  de¬ 
termined  the  mean  and  standard  deviation  of  the  response  b\ 
using  a  linearization  technique  and  a  Monte  Carlo  simulation 
They  pointed  out  that  an  accurate  estimate  of  the  damping 
coefficients  for  lightly  damped  svstems.  in  the  neighborhood  of 
a  natural  frequency,  is  very  important  m  determining  the  mean 
and  standard  deviation  of  the  system  response 

The  means  and  variances  of  the  frequency  response  func¬ 
tions  of  a  disordered  periodic  beam  were  studied  by  Y  ang  and 
Lin  ( 1975)  Two  types  of  excitation  were  considered  These  were 
a  concentrated  force  (or  moment)  and  a  distributed  force  con¬ 
vened  at  a  constant  velocity  It  was  shown  that  the  magnitude 
of  the  statistical  average  of  the  frequency  response  function  can 
be  considerably  greater  than  the  value  computed  without  taking 
into  account  the  random  variation  in  the  span  lengths  In  the 
neighborhood  of  resonance  frequencies  the  standard  deviation 
of  the  frequency  response  f unction  becomes  quite  large,  indi¬ 
cating  greater  uncertainty  in  such  regions.  In  the  case  of  con¬ 
vened  loading  the  use  of  a  perfect  periodic  model  cannot 
account  for  the  response  in  certain  vibration  modes  while  these 
modes  can  be  induces  in  a  disordered  periodic  beam 
4L  1.1  Miitmui  Umdtd  *aks 

It  has  been  indicated  in  section  3.3  3  that  the  mistuning  of 
turbomachinery  bladed  disks  could  have  beneficial  effect  in  the 
case  of  blade  flutter  However,  the  effect  is  reversed  in  the  case 
of  forced  vibration  (Whitehead,  1966:  Ewins.  1969:  Stange  and 
)  Mac  Bain.  1983).  It  is  beheved  that  Tobias  and  Arnold  (1957) 

have  made  the  first  attempt  to  understand  the  effect  of  blade 
mistuning  on  the  response  of  stationary  waves  ( modes  traveling 


opposite  to  the  direction  of  disk  rotation  >o  jn  t»<  appear 
>tationarv  to  a  fixed  observer)  An  interesting  and  important 
structural  phenomenon  resulting  from  mistuning  :s  the  splitting 
of  a  bladed  disk's  diametral  modes  of  vibration  i modes  having 
1.2.  .  n  nodal  diameters)  into  '‘twin”  or  dual"  modes  The 

presence  of  dual  modes  characteristics  in  a  bladed  disk  ian 
significantly  affect  either  or  both  of  ns  aeroela.stu.  Mabilitv  and 
resonant  response  characteristics  Whitehead  <1966i  showed 
that  there  is  an  upper  limit  to  the  effect  of  mistuning  and  * 
given  approximately  by  the  factor  of  <  1  -  V  >  2.  where  V  >  the 
number  of  blades  in  the  row  This  upper  limit  was  obtained 
under  the  assumption  that  the  damping  forces  arc  substantially 
less  than  the  aerodynamic  coupling  forces  Jav  and  Burns 
1 1 9K4)  conducted  a  >cncs  of  rotating  and  unrotating  test  to 
identify  mistuning.  damping,  split  factors  for  various  diametral 
patterns  and  dynamic  strains  signatures  from  resonant  tests 
a  shrouded  fan  blade  disk  System  mode  responses  to  various 
distortion  patterns  were  found  to  involve  standing  waves  and 
traveling  waves 

A  number  of  lumped  mass  models  of  bladed  disk  assemblies 
have  also  been  used  to  study  the  effects  of  various  blade 
mistune  distributions  on  the  maximum  resonant  response  of  the 
blades  (Wagner.  1967.  Dve  and  Henry.  1969  FJ-Ba\oum\  and 
Snmvasan.  1975;  MacBain  and  Whaley.  19R4)  The  nature  of 
the  lumped  parameter  models  used  in  these  studies  is  such  that 
individual  blade  response  was  studied  in  terms  of  single  or 
two-degree-of- freedom  blade  modes  whose  vibrators  response 
was  altered  by  mechanical  coupling  via  the  disk  portion  of  the 
models  Hence,  the  basis  or  starting  point  for  these  lumped 
mass  models  was  the  individual  blade  resonant  frequencies  The 
results  showed  how  much  greater  or  smaller  the  individual 
blade  response  would  be  for  a  set  of  mistuned  blades  compared 
to  the  response  of  a  tuned  set  of  blades  For  a  given  mistuning 
distribution  and  excitatic.v  the  response  of  the  mistuned  set  of 
blades  was  found  to  be  many  times  greater  or  smaller  <de 
pending  upon  the  disk  circumferential  location)  than  the  re¬ 
sponse  of  tuned  blades  Ewins  and  Han  (1984)  conducted  a 
sereis  of  case  studies  to  examine  the  influence  of  various  param¬ 
eters  on  the  resonant  response  levels  of  individual  blades  on  a 
disk  They  found,  for  the  case  of  a  33-bladed  disk,  that  mistun¬ 
ing  always  increases  the  highest  resonant  response  level  from 
that  experienced  by  a  tuned  system  but  while  some  blades  are 
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more  highly  stressed.  others  suffered  a  lower  level  and  the  mean 
value  ts  roughly  constant  It  was  also  concluded  that  the  highest 
response  is  always  experienced  by  a  blade  of  extreme  mistune 

Analytical  investigations  of  mistiming  fall  into  three  cate¬ 
gories  (Gnffin  and  Hoosac.  1984):  deterministic  (Dye  and 
Henery.  1969;  Ewin$.  1973;  El-Bayoumy  and  Snmvasan.  1975). 
statistical  (Huang,  1982),  and  combined  and  statistical  ap¬ 
proaches  (Sogliero  and  Snmvasan,  1980;  Kazan  and  Kielb. 
1982;  Muszynska  et  a L  1981).  Basu  and  Gnfhn  (19861  used  a 
deterministic /statistical  approach  and  developed  a  model  in¬ 
volving  aerodynamic  and  structural  interaction  for  studying  the 
effect  of  mistiming  on  bladed  disk  vibration.  They  found  that 
the  mistiming  effect  significantly  decreases  as  the  density  of  the 
gas  flowing  through  the  turbine  is  decreased.  On  the  other  hand 
the  effect  was  found  to  increase  linearly  with  the  number  of 
blades  on  the  disk. 

4.2.  Stochastic  finite  element  methods 

Recent  developments  of  stochastic  rimte  element  methods 
have  promoted  the  analysis  of  structural  dynamics  with  uncer¬ 
tain  parameters  These  techniques  could  be  broadly  classified 
into  statistical  and  nonstatisuca!  (Liu  et  al.  1985b>  The  statisti¬ 
cal  approach  is  based  on  numerical  simulation  via  Monte  Carlo, 
^ratified  sampling,  and  Latin  Hypercube  sampling  A  compara¬ 
tive  discussion  of  these  techniques  is  provided  by 
Mckay  et  al  (1979)  All  simulauon  methods  require  that  the 
joint  probability  distributions  of  the  excitation  and  random 
parameters  be  available  However,  these  distributions  are  sel¬ 
dom  to  be  available  Instead,  one  usually  may  assume  that  the 
input  random  variables  are  mutually  independent  and  Gaus¬ 
sian  If  these  random  mputs  are  non-Gaussian  distributed,  one 
may  use  the  Rosenblatt  (1952)  transformation  to  transform 
non- Gaussian  correlated  variables  to  Gaussian  uncorrelated 
ones  Nonstatistical  approaches  include  numerical  integration 
(Liu  et  al.  1985a,  1986),  second  moment  analysis  (Cornell  1972) 
and  stochastic  finite  element  methods  (Nakagin  et  al,  1984  Liu 
et  al.  1985a, b;  Hisada  and  Nakagin.  1982;  Hisada  et  al.  1983) 
A  major  advantage  of  these  methods  is  that  the  multivariate 
distribution  functions  are  not  required  but  only  the  first  two 
moments.  Recently  several  stochastic  finite  element  approaches 
have  been  developed  by  Vanmarckc  and  Gngonu  (1983).  Liu 
et  al  ( 1985a,  b).  Dias  and  Nagtegaal  (1985).  and  Mon  and 
Ukai  (1986).  Linear  problems  m  structural  mechanics  with 
uncertain  parameters  have  been  solved  by  second- moment 
analysis  (Contreras.  1980;  Nakagin  et  al,  1984) 

Astill  et  al  (1972)  examined  the  problem  of  impact  loading 
of  structures  with  random  geometnc  and  material  properties 
Their  approach  is  a  combination  of  finite  element  method  and  a 
Monte  Carlo  simulation.  For  the  case  of  an  axisymmetnc 
concrete  cylinder  they  assumed  spatial  distributions  of  Young  s 
modulus  and  density  for  each  realization  of  the  test  cylinder 
Each  test  cylinder  was  subjected  to  the  same  axial  impact 
loading.  The  algorithm  gave  a  sample  of  100  maximum  stress 
intensities  from  which  the  sample  mean  and  standard  deviation 
were  computed.  For  a  certain  intermediate  location  of  the  test 
cylinder  it  was  found  that  the  axial  stress  ts  always  different 
from  the  corresponding  stress  in  a  uniform  cylinder 

Vanroarcke  and  Grigoriu  (1983)  developed  a  stochastic  finite 
element  analysis  for  solving  first-  and  second-order  statistics  of 
the  deflection  of  structural  members  whose  properties  vary 
randomly  along  their  axis.  The  covariance  matrix  of  these 
element  averages  was  obtained  by  simple  algebraic  operations 
on  the  variance  function  which  in  turn  depends  primarily  on  the 
scale  fluctuation.  Although  this  approach  was  used  to  determine 
the  free  end  deflection  of  elastic  members.  Vanmarckc  and 
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Gngonu  claimed  that  it  can  be  applied  to  determine  the  re¬ 
sponse  suusucs  to  external  dynamic  excitations  even  when  the 
statistical  information  about  spatial  sanation  of  matenal  prop¬ 
erties  is  limited.  Recently  Liu  et  al  (1985a. b.  1986)  developed  a 
number  of  probabihsuc  finite  elements  methods  for  nonlinear 
structural  dynamics  These  methods  are  applicable  for  corre 
lated  and  uncorrelated  discrete  random  sanables  For  elastic 
plastic  bar  with  end  load,  they  (Liu  et  ai,  19X5bi  computed  the 
mean  and  vanance  of  the  displacement  at  the  free  end  bv  using 
the  probabilisuc  finite  element  and  Monte  Carlo  simulation 
The  solutions  of  the  two  methods  compared  verv  well,  however, 
the  probabilistic  finite  element  approach  required  much  less 
computer  time  than  the  Monte  Carlo  simulation  Unfortunatelv 
these  results  did  not  reflect  the  influence  of  parameter  uncer 
tain  ties  on  the  random  response 

The  dynamic  response  of  random  parametcred  structures 
under  random  excitauon  has  been  examined  in  a  number  of 
studies  by  Paez  and  his  group  (Chang.  1985.  Bennett.  1985 
Branstetter  and  Paez.  1986)  These  studies  provide  computer 
programs  m  a  finite  element  framework  to  establish  response 
moments  on  a  step-bv-step  basis  These  numerical  algorithms 
evaluate  the  system  response  characteristics  at  an  advance  nim¬ 
by  using  the  statistical  mformauon  about  response  structural 
characteristics,  and  excitation  at  a  previous  time  Branstetter 
and  Paez  (1986)  examined  their  computer  programs  for  seserai 
damped  single  degree-of- freedom  systems  and  several  un¬ 
damped  two  degree-of- freedom  systems  The  responses  of  these 
svstems  to  white  noise  excitations  were  obtained  for  random 
stiffness  parameters  while  all  other  system  parameters  were 
fixed  It  was  shown  that  single -degree -of  freedom  systems  div 
plav  greater  response  vanance  than  svstems  with  determinism 
stiffness  The  difference  in  response  vanance  is  found  to  be 
small  when  the  structure  initial  conditions  are  zero  The  dif¬ 
ference  increases  and  assumes  an  oscillatory  character  w  hen  the 
initial  conditions  depari  from  zero  The  mean  response  is  non¬ 
zero  for  structures  with  nonzero  uutiai  conditions  and  or  non 
zero  mean  load 

Bennett  (1985)  considered  uncertainties  in  the  stiffness  and 
damping  of  single-  and  multi -degree-of- freedom  structural  s\s 
terns  The  random  variables  of  the  svstem  parameters  were 
replaced  by  a  deterministic  component  (equal  to  the  mean  of 
the  original  random  variable)  and  a  random  component  with 
zero  mean  and  with  vanance  equal  to  that  of  the  onginal 
random  variable  For  a  single-degrce-of-freedom  svstem 
Bennett  found  that  the  value  of  the  peak  response  increases 
monotomcailv  with  the  standard  deviation  of  (he  vtiffnes.s  For 
lightlv  damped  systems  which  do  not  have  zero  mean,  the 
effects  of  the  damping  randomness  on  the  response  are  less 
pronounced  than  those  obtained  when  the  stiffness  was  random 
The  standard  deviation  of  the  response  at  the  time  of  peak 
response  was  found  to  increase  with  the  correlation  between  the 
stiffness  and  damping. 


5.  DESIGN  OPTIMIZATION  AND  RELIABILITY 
5.1  Re4iabtfty-b*Md  design 

The  study  of  response  of  disordered  svstems  is  very  im¬ 
portant  for  design  purposes  These  responses  can  help  the 
designer  to  establish  acceptable  tolerances  on  system  compo¬ 
nents  The  mam  problem  which  concerns  the  designer  is  how  to 
govern  the  fluctuations  of  the  system  parameters  for  safe  oper¬ 
ations  For  example  when  the  values  of  the  elastic  displacement 
of  a  structure  are  significant,  the  problem  is  to  set  up  an 
optimum  standard  of  manufacturing  the  structure  components 
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Here  the  permissible  fluctuation  in  the  structure  parameters 
becomes  a  restrictive  condition.  Generally,  design  optimization 
of  structures  subject  to  reliability  requirements  is  regarded  as 
the  ultimate  goal  of  any  design  procedure  The  basic  approach 
in  most  reliability-based  structural  optimization  is  to  impose  a 
set  of  constraints  on  overall  system  reliability  or  probability  of 
failure  (Ang  and  Tang.  1975.  1984;  Moses.  1973;  Parmi  and 
Cohn.  1978)  Another  approach  suggests  to  minimize  the  total 
cost  or  weight  for  a  specified  allowable  overall  failure  probabil¬ 
ity  (Frangopol.  1984a;  Hilton.  1960;  Moses  and  IGnser.  1%7) 
One  of  the  main  objectives  of  the  designer  is  to  establish  an 
acceptable  probabtlitv  of  failure  Several  procedures  for  the 
analysis  of  probability  of  failure  of  structures  have  been  devel¬ 
oped  (Frangopol.  1984a. b.  1985a, b;  Frangopol  and  Nakib. 
1986;  Kam,  1986;  Moses.  1974;  Moses  and  Kinser.  1967;  Moses 
and  Stevenson.  1970)  In  order  to  establish  a  probability  of 
failure  consider  a  structural  system  subjected  to  a  number  of 
external  loads.  The  structure  is  said  to  survive  if  the  applied 
stress  an  in  the  built-in  section  due  io  all  external  loads  is 
smaller  than  an  ultimate  limit  stress  a 

Oj  £  a  (  39) 

The  equal) tv  sign  in  eq.  (39)  corresponds  lo  the  state  of  the 
collapse  threshold  of  the  structure  In  general,  for  each  limit 
state,  it  is  possible  to  establish  a  critical  inequalitv  similar  to  cq 
(39)  and  identify,  in  the  space  of  the  relevant  parameters,  a 
safe  region  &  (or  success  region)**,  where  the  critical  in¬ 
equality  holds,  and  unsafe  region  f  (or  failure  region),  where  it 
does  not  hold  These  regions  are  shown  in  Figure  9(a)  according 
to  August)  et  al  ( 1984).  where 

S«0O  and  /?-< j  (40) 

In  most  cases  the  applied  load  S  -  5<n  is  a  random  process, 
while  rhe  resistance  A.  which  is  calculated  or  measured,  is  a 
random  variable  For  each  actual  structure,  the  resistance  takes 
up  a  constant  value  R.,.  although  uncertain,  and  the  representa¬ 
tive  point  (  R.  S)  moves  in  time  up  and  down  the  solid  line  in 
Figure  9(a)  Figure  9(b)  shows  a  possible  realization  of  the 
random  loading  process  S’U).  The  limit  state  is  attained  w  hen 
Vt  / )  violates  the  threshold  The  time  to  failure  t.M,  can  be 
used  as  a  measure  of  the  structure  reliability  Alternatively,  one 
can  consider  a  time  interval  (0.  r)  and  then  check  the  critical 
inequality  in  the  worst  possible  condition  This  can  be  for 
mulated  in  probabilistic  terms  by  stating  that  the  probabilitv  of 
failure  Ptati  and  the  complementary  probability  of  success  (reli¬ 
ability)  r  -  Psm.  coincide  respectively  with  the  probabilitv  that 
the  critical  inequality  is  violated  at  least  once  in  the  interval 
(0.  r)  In  space  random  variables,  the  probability  that  a  point 
Q.  which  represents  the  significant  input  and  system  parame¬ 
ters.  falls  either  in  the  failure  region  f  or  in  the  success  region 
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V  Symbolically,  these  states  are 

PiM ,  -  Prob{  Q  c/j.  and  P^  «  Prob(  Q  c  V  ]  ( 41 ) 

Among  the  basic  formulations  of  reliability  calculations  are 
the  level  1  and  level  2  approaches  In  level  I  one  simpiv  applies 
the  characteristic  safety  factor  y  -  R  S  In  level  2  one  needs  to 
determine  a  reliability  index  0  which  measures.  :n  units  ol 
standard  deviation,  the  distance  between  the  average  point  and 
the  boundary  of  failure  region  This  means  that  larger  values  of 
imply  smaller  probability  of  failure  The  probabilitv  of  failure 
is  found  (August  et  al.  1984)  to  be  less  dependent  on  the 
coefficient  fo  variation  -  o(  .S’)  £*f.V|  of  external  excitation  i 
the  corresponding  coefficient  of  resistance  ■  ot  R  i  HR* 
relatively  large,  where  fi(S)  and  fi(  R)  are  the  standard  devia¬ 
tions  of  the  applied  stress  and  the  resisting  stress,  respect  twlv 
Level  2  reliability  methods  include  the  estimation  of  the 
mimimum  distance  fi  which  is  regarded  as  a  safety  measure  ot 
the  smallest  distance  of  the  surface  separating  the  safe  and 
unsafe  regions  from  the  origin  in  the  space  of  random  van 
ables  Q 

Generally  the  level  of  performance  of  anv  structural  swtem 
depends  on  the  properties  of  the  system  Thus,  t  is  possible  t>  • 
characterize  a  function  ?<  Q )  known  as  the  performance  tun., 
tion  such  that 

«(  Q  »  0  -  the  safe  'tale,  and 

'  I  42  | 

?<  Q )  <  0  -  the  failure  state 

Geometrically  the  limit- state  equation  k((9»  -  "  i>  an  n-dmien 
sional  surface  that  is  referred  to  as  the  “failure  surfjee  "  The 
performance  function  could  be  linear  or  nonlinear  The  evalua¬ 
tion  of  the  exact  probabilitv  of  safety  for  nonlinar  performance 
function  is  generally  involved  and  the  determination  of  the 
required  reliability  index  would  not  be  as  simple  as  in  the  linear 
performance  function  (Ang  and  Tang .  J9X4>  For  conch  led 
non-Gaussian  random  variables,  the  safety  index  mav  he 
evaluated  in  terms  of  another  >ct  of  independent  Gaussian 
variables  through  the  Rosenblatt  transformation  1 1952) 

.  Hohenbichler  and  Rackwttz  (1981)  developed  an  algorithm  to 
determine  the  safety  index  bv  using  the  Rosenblatt  transforma 
non 

Tanaka  and  Omshi  <19K0)  developed  a  method  of  regulation 
the  deviations  of  random  parameters  and  derived  a  restrictive 
conditional  formula  in  terms  of  the  permissible  displacement 
tor  natural  frequency)  fluctuation  The  method  is  based  on  the 
linear  deviation  analysis  with  partial  differential  analysis  to¬ 
gether  with  sequential  linear  programming  (SLP)  for  a  number 
of  restrictive  conditions  Tanaka  et  al  (1982)  treated  the  optimi¬ 
zation  problem  of  the  allowable  variance  of  random  parameters 
bv  using  a  perturbation  method  and  Monte  Carlo  simulation 
They  computed  the  deviation  of  the  steady  state  response  of 


FIG  9  (a)  Safe  and  unsafe  regions  for  tbi  realization  of  Stn  (Augusti  et  al.  19fUi 
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structural  systems  involving  random  parameters  with  the  pur¬ 
pose  of  regulating  the  deviation  of  the  random  parameters  w  hen 
the  deviation  of  the  response  is  specified. 

The  techniques  of  mathematical  programming  have  been 
extensively  used  to  minimum-weight  design  of  deterministic 
structures  subject  to  constraints  on  stresses,  displacements,  ds- 
namic  response,  and  stiffness  (Moses  and  lCinser.  1967).  Moses 
and  Stevenson.  1970:  Moses  1973.  1974).  The  stochastic  pro¬ 
gramming  of  dynamically  loaded  structures  was  developed 
onginallv  by  Chames  and  Cooper  (1959)  and  is  well  docu¬ 
mented  by  Rao  (1979).  The  basic  idea  of  this  method  is  to 
convert  the  probabilistic  problem  into  an  equivalent  determinis¬ 
tic  one  by  minimizing  the  expected  value  of  the  objective 
function  subject  to  certain  constraints  Davidson  et  al  (1977) 
applied  the  mathematical  programming  techniques  for  optimi¬ 
zation  of  structures  subject  to  reliability  requirements.  Their 
work  resulted  in  a  general  formulation  of  the  minimum-weight 
optimization  for  indeterminate  structures  with  random  parame¬ 
ters.  Jozwiak  (1985.  1986)  applied  the  stochastic  programming 
based  on  expected  values  in  the  problem  of  optimization  of 
dynamically  loaded  structures  with  random  parameters  The 
mean  values  of  joint  displacements  and  their  derivatives  were 
determined  by  solving  the  equations  of  motion  of  the  >tructure 
under  the  constraints  of  minimum  weight 

Other  techniques  such  as  multi-objective  optimization  meth¬ 
ods  (Rao.  1982.  1984.  and  Schy  and  Giesv.  1981)  and  fuzzy  sets 
(Zadeh  1965,  1973:  Brown.  1980:  Brown  et  al.  1983)  have  been 
employed  to  the  design  of  simple  structural  elements  and 
aeroplane  control  systems  involving  uncertain  parameters  and 
stochastic  processes.  The  basic  idea  in  mulu-objective  design  is 
to  include  all  important  objectives  in  a  vector  objective  func¬ 
tion.  The  problem  of  optimizing  structural  systems  involving 
dynamic  restnctions.  random  parameters,  stochastic  processes, 
and  multi-objectives  has  been  outlined  by  Rao  (1982).  Bv 
considering  the  imprecision  of  the  restncitons  such  as  use. 
design,  construction,  one  may  assume  that,  some  of  the  con¬ 
straints  and  goals  for  each  of  the  objective  functions  are  fuzzy 
or  imprecise  in  multi-objective  fuzzv  optimization  design  If  the 
corresponding  expectation  functions  for  objective  and  admis¬ 
sion  for  constraint  are  introduced  it  is  possible  to  quantify  the 
fuzzy  objectives  and  constraints.  Guangwu  and  Suming  <  1986) 
employed  the  concept  of  multi-objective  fuzzy  design  optimiza¬ 
tion  for  ship  grillage  structures 

5.2.  Design  sensitivity  to  parameter  variations 

5. 1  /.  Bask  concept  of  sensitivity  analysis 

The  sensitivity  of  a  structural  system  to  variations  of  its 
parameters  is  one  of  the  basic  aspects  in  the  design  of  struc¬ 
tures.  The  sensitivity  theory  is  a  mathematical  problem  which 
investigates  the  change  in  the  system  behavior  due  to  parameter 
variations.  The  basic  concepts  of  sensitivity  theory  are  well 
documented  in  several  books,  see.  eg,  Frank  (1978).  The  sensi¬ 
tivity  problem  can  be  stated  by  defining  the  actual  system 

parameters  represented  by  the  vector  a  -  { a, .  a: _ a„  }r 

which  differ  from  the  nominal  value  by  a  deviation  Ao 
These  parameters  are  related  to  a  certain  vector  x  which  char¬ 
acterizes  the  dynamic  behavior  of  the  system.  In  structural 
dynamics  the  vector  x  can  be  taken  as  the  system  response 
vector  The  mathematical  model  of  the  system  response  can  be 
written  in  terms  of  the  first  order  differential  equations 

{*}  -{/(x.a.r.F)}.  { x( r0 ) }  -  {x°}.  (43) 

where  F  represents  the  input  vector. 

Generally  a  unique  relationship  between  the  parameter  vec¬ 
tor  and  the  response  vector  is  assumed.  However,  this  is  not 


possible  in  real  problems  because  ihe\  cannot  be  identified 
exactly.  It  is  a  common  pracuce  in  sensitivity  theon.  to  detine  j 
'.ensitnin  function  S  which  relates  the  elements  of  the  set  of  the 
parameter  deviations  la  to  the  elements  of  the  set  of  the 
parameter -induces  errors  of  the  system  function  3\  b\  the 
linear  relationship 

AxsSftOAa  (44i 

This  relation  is  a  linear  approximation  of  eq.  (43)  and  is  valid 
only  for  small  parameter  variations,  te.  ,|Jtai|  «  ia,ii  S  is  a 
matrix  function  known  as  the  trajectory  sensitivity  matrix  which 
can  be  established  either  by  a  Taylor  senes  expansion  or  b\ 
partial  differentiation  of  the  state  equation  with  respect  to  the 
system  nominal  parameters 

When  the  system  is  random,  the  function  S  is  referred  to  a> 
stochastic  sensitivity  function  Szopa  (1984)  developed  equa 
Uons  for  stochastic  sensitivity  functions  to  determine  the  in¬ 
fluence  of  changes  in  the  initial  conditions  on  the  response. 
These  functions  were  aplied  to  a  stochastic  nonlinear  oscillator 
with  a  limit  cycle.  It  was  found  that  the  mean  values  and  the 
variances  of  the  stochastic  sensitivity  functions  converge  to 
zero  Szopa  (1986)  used  the  sensitivity  theory  to  investigate  the 
influence  of  changes  m  system  parameters  on  solutions  of 
dynamical  systems.  The  statistics  of  the  stochastic  sensitiutv 
functions  were  found  to  have  finite  values  when  the  response 
exhibit  chaotic  characteristics. 

5.2.1  Design  derivatives 

Consider  the  eigenvalue  problem  given  by  eq  <  15)  It  will  be 
assumed  that  the  eigenvalues  X,  of  the  system  matrix  A  are 
distinct.  The  elements  of  A  are  function  of  the  system  parame¬ 
ters  a.  The  sensitivity  of  the  free  vibration  the  structure  as 
well  as  the  sensitivity  of  its  relative  stability  with  respect  to  an\ 
parameter  of  A  can  be  characterized  by  the  sensitivity  of  the 
eigenvalues  X  with  respect  to  the  parameters 

The  partial  derivative 

S*  -  <9X,/<?a,l.fi  (45) 

is  known  as  the  eigenvalue  sensitivity  or  the  eigenvalue  deriva¬ 
tive. 

The  eigenvector  sensitivity  (or  derivative)  of  the  system 
matrix  is  also  given  by  the  partial  differentiation 

S*  -  d x./  da  ia  ( 46) 

The  eigenvalue  sensitivity  has  been  examined  mathemati¬ 
cally  by  McCalJey  (I960),  Mantev  (1968).  and  Reddv  (1969) 
Frank  (1978)  developed  a  number  of  formulae  to  determine  the 
eigenvalue  sensitivity  The  derivatives  of  the  eigenvalues  and 
eigenvectors  are  very  helpful  in  design  optimization  of  struc¬ 
tures  under  dynamic  response  restrictions  They  have  been 
extensively  used  in  studying  vibratory  systems  with  symmetric 
mass,  damping,  and  stiffness  properties  (Fox  and  Kapoor.  1968 
Kaefling.  1970)  and  in  nonseif-adjoint  systems  (Rogers.  1970: 
Plaut  and  Huseyin.  1973;  Rudistll.  1974)  For  distributed 
parameter  systems,  design  derivatives  of  eigenvalues  were  first 
encountered  in  optimization  studies  by  Haug  and  Roussclet 
(1980)  and  Reiss  (1986).  Reiss  used  a  relatively  simple  method 
to  determine  explicit  results  for  the  design  derivatives  of  eigen 
values  and  eigenvectors.  He  expressed  self-adjoint  operator 
equations  in  terms  of  integral  form  by  using  Green  s  function 
(Reiss.  1983).  Recently  Kuo  and  Wada  (1986)  developed  the 
nonlinear  sensitivity  coefficients  and  correction  terms,  usual! v 
eliminated  during  the  linearization  process  m  the  Taylor  expan¬ 
sion.  The  nonlinear  correction  terms  were  found  significant  in 
problems  involving  many  finite  element  analyses  w  here  the  size 
of  the  eigenmatnx  is  of  order  10E06  and  the  difference  in  the 
eigenvectors  may  be  of  order  0  01 
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Lund  (1979)  developed  a  method  to  calculate  the  sensitivity 
of  critical  speeds  of  a  conservauve  rotor  to  changes  in  the 
design  using  a  state  vector- transfer  matnx  formulation  Fnizen 
and  Nordman  (1983)  have  developed  the  eigenvalue  and  eigen* 
vector  derivatives  for  general  vibratory  system  (with  nonsvm- 
metnc  system  matrices)  and  used  them  in  evaluating  stability 
behavior  due  to  parameter  changes  in  rotor  dynamics.  Palazzolo 
et  al  (1983)  presented  a  generalized  receptance  approach  for 
eigensolution  reanaiysis  of  rotor  dynamic  systems  Their  method 
has  the  advantage  of  accomodating  system  modificaion  of  arbi¬ 
trary  magnitude  and  treats  the  modifications  simultaneouslv 
Rajan  et  al  (1986)  developed  the  eigenvalue  derivatives  for  the 
damped  natural  frequencies  of  whirl  of  general  linear  rotor 
systems  modeled  by  finite  element  discretization  For  under¬ 
damped  modes,  the  eigenvalue  derivative  is  complex.  The  real 
part  represents  the  damping  sensitivity  coefficient  while  the 
imaginary  part  gives  the  whirl  speed  sensitivity  Rajan  et  al 
'.howed  that  the  combination  of  design  parameter  and  whirl 
frequencv  sensitivity  coefficients  may  be  used  to  evaluate  the 
damped  critical  speed  sensitivity  coefficients 

In  reliability-based  design  optimization  it  is  useful  to  ex¬ 
amine  the  results  to  sensiuvitv  analysis  in  order  to  determine 
the  influence  of  the  statistical  parameters  on  the  optimum 
solutions  The  essential  objectives  of  sensitivity  analysis  of  am 
system  is  to  establish  a  measure  of  the  wav  each  response 
quantity  vanes  with  changes  in  the  parameters  that  define  (he 
system  (Grierson.  1983).  Recently.  Arora  and  Haug  (1979)  and 
Frangopol  (1985a)  have  developed  a  technique  for  determining 
the  reliability-based  optimum  design  sensitivity  of  redundant 
ductile  structures  Frangopol  investigated  the  sensitivitv  of  an 
optimum  design  to  changes  tn  the  statistical  parameters  that 
define  the  loading  and  resistance  strength  of  the  structure 


6.  EXPERIMENTAL  RESULTS 

The  first  attempt  10  measure  the  statistics  of  structural 
modal  frequencies  is  believed  to  be  made  by  Mok  and  Murrav 
( 1965).  They  earned  out  a  senes  of  free  flexural  vibration  tests 
of  a  bar  with  a  stepped  profile  and  a  maximum  variation  in  the 
cross  section  of  50%  The  predicted  and  measured  results  were 
found  very  close.  Twenty  vears  later.  Paez  et  al  (1985.  19K6i 
conducted  a  senes  of  expenmental  investigations  to  measure  the 
random  vanation  of  the  natural  frequency  of  a  cantilever  beam 
One  end  of  the  beam  was  mounted  on  a  fixture  through  a  screw 
and  two  washers,  and  the  other  end  carries  a  concentrated 
mass  The  torque  in  the  screw  establishes  a  preload  which 
governs  the  stiffness  of  the  beam  at  the  fixture  Paez  et  al 
conducted  19  experiments  each  with  different  values  of  base 
torque  and  stiffness.  The  variation  of  the  fundamental  frequencv 
with  the  base  stiffness  was  obtained  experimentally  and  numeri¬ 
cally  (by  using  a  finite  element  program)  It  was  shown  that  the 
standard  deviation  of  modal  frequency  increases  with  the  mean 
modal  frequency  Another  interesting  feature  observed  bv  Paez 
et  al  was  that  the  magnitude  of  random  variation  in  modal 
frequency  can  become  greater  than  the  spacing  between  modal 
frequencies  as  the  frequency  order  increases 

The  phenomenon  of  normal  mode  localization  was  first 
examined  experimentally  by  Hodges  and  Woodhouse  (1983). 
Their  model  was  a  thin  high- tensile  steel  wire  stretched  between 
two  supports.  Seven  small  lead  weights  were  securely  attached 
initially  at  equal  lengths  and  then  were  shifted  slightly  to  give  a 
controlled  amount  of  irregularity  Under  a  step  function  force 
with  repeatable  amplitude  the  string  motion  was  observed  and 
measurements  were  taken  for  the  energy  transmission  from  end 
to  end  of  the  string  Levels  of  energy  attenuation  m  the  dis- 
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ordered  case  were  found  in  some  cases  quite  large  (99^  1  with 
only  2.4*?  standard  deviation  in  the  mass  positions 

Pierre  et  al  (1986)  conducted  an  expenmental  investigation 
to  verify  the  existence  of  localized  modes  for  two  disordered 
two-span  beams  shown  in  Figure  7  The  beam  was  pinned  at 
both  ends  while  the  third  support  with  variable  torsional  stiff¬ 
ness  was  located  near  (he  mid-span  This  middle  support  can  be 
moved  to  various  locations.  A  pure  excitation  torque  was  ap¬ 
plied  to  the  specimen  beam  near  its  intermediate  support 
Figure  10  shows  the  comparison  between  theoretical  and  expen¬ 
mental  natural  frequencies  of  the  first  two  modes  versus  mistun- 
ing  parameter  8/  **  \l/l.  where  /  is  the  length  of  the  beam,  and 
±(  is  the  variation  from  the  middle  of  the  beam.  The  coupling 
parameter  c  —  2k„l/E!.  where  is  the  stiffness  of  the  tor¬ 
sional  spnng,  E  and  /  are  the  Young's  modulus  and  the  area 
moment  of  inertia  of  the  beam,  respectivelv.  The  degree  of 
localization  of  a  mode  is  expressed  by  the  ratio  4  =  4  4 

which  represents  the  peak  deflection  in  one  span  to  the  peak 
deflection  in  the  other  span,  such  that  the  numerator  of  this 
ratio  corresponds  to  the  span  with  smaller  peak  deflection  This 
peak  ratio  is  shown  in  Figure  1 1  for  the  two  modes  for  two 
different  values  of  torsional  spring  constant  1  The  mode  shapes 
of  tuned  and  mi s tuned  beams  are  shown  in  Figure  12  Ii  wj> 
reported  that  for  8/  «  2%  and  c  *  281.8.  the  first  mode  of  the 
mistuned  beam  is  strongly  localized  in  the  second  span,  whereas 
the  one  of  the  tuned  beam  is  collective,  that  is  the  peak 
deflection  is  the  same  in  both  spans. 

A  comprehensive  expenmental  and  theoretical  investigations 
were  conducted  by  Ewms  (1976)  to  determine  (he  effects  of 
turbomachmery  blades  mistuning.  His  b laded  disk  testpiece 
mode!  consists  of  24  blades  A  provision  for  adjusting  the  tunc 
of  each  blade  individually  was  accomplished  bv  adding  a  num¬ 
ber  of  washers  to  a  nut  and  bolt  attached  near  the  up  of  each 
blade  The  test  piece  was  excited  by  placing  an  electromagnet 
close  to  its  surface  and  passing  an  alternating  current  through 
the  magnet.  The  response  of  the  bladed  disk  was  detected  bv  a 
set  of  strain  gages  fixed  near  the  root  of  each  blade  The  natural 
frequencies  were  then  measured  by  adjusting  (he  frequencv  of 
the  magnet  so  as  to  produce  a  large  response  in  the  strain  gage 
outputs  The  shape  of  each  mode  was  determined  bv  examina¬ 
tion  of  the  relative  amplitudes  of  all  the  blades  It  was  observed 
that  there  was  a  distinct,  though  complex,  pattern  linking  the 
basic  (tuned)  mode  shape  wuh  the  mistuned  mode  shape  and 
the  mistuned  pattern,  particularly  for  the  lower  diametral  modes 
Jay  and  Bums  (1986)  conducted  a  senes  of  rotating  and  non- 
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rotating  tests  to  identify  individual  blade  frequencies.  mode 
shapes,  mistumng.  damping,  and  split  factors  for  diametral 
patterns  of  the  3.  4.  5.  and  6  diametral  mode  families  The  nrst 
harmonic  of  the  normalized  axial  velocity  deficit  at  the  proper 
mass  flow  rate  was  used  to  construct  a  gust  perturbation  veloc¬ 
ity.  These  span  wise  gust  perturbation  velocities  multiplied  bv 
the  product  of  the  density  and  the  relative  velocity  squared 
results  in  the  normalized  force  parameter.  It  was  found  that  anv 
increase  in  the  perturbation  force  parameter  results  in  an  in¬ 
crease  in  the  dynamic  stress  in  the  bladed  disk.  In  addition  the 
perturbation  parameter  does  account  for  the  interaction  be¬ 
tween  the  wake  and  modal  response  of  the  system  as  the\  are 
changed  by  aerodynamic  loading 


7.  CONCLUSIONS 

Several  problems  in  structural  dynamics  involving  parameter 
uncertainties  have  been  treated  tn  the  literature  These  problems 
include  the  random  eigenvalue  of  disordered  systems,  normal 
mode  localization,  random  response,  design  optimization,  and 
reliability.  The  mathematical  theory  of  the  random  eigenvalue 
has  reached  the  maturity  stage,  however,  this  theory  has  not 
been  fully  implemented  to  treat  real  engineering  problems  It  - 
observed  that  some  progress  has  been  made  towards  the  devel¬ 
opment  of  numerical  algorithms  such  as  stochastic  finite  ele¬ 
ment  methods  and  Monte  Carlo  simulations  to  determine  the 
response  of  structural  elements  These  developments  have  pro¬ 
moted  the  investigation  of  several  problems  including  mistuned 
turbomachinerv  bladed  disks,  reliability-based  design  and  de¬ 
rivatives  of  eigenvalues  in  design  optimization  Few  attempts 
have  been  made  to  emplov  new  approaches  such  as  multi- 
objective  optimization  and  fuzzv  sets  in  design  optimization 
problems.  It  is  believed  that  these  techniques  vx. ill  have  new 
research  avenues  in  mans  design  problems  Another  area  >t 
potential  future  research  is  the  optimum  design  scnsitivnv  ;n 
reliability-based  design  under  multilevel  rehabilitv  constraints 
to  evaluate  the  significance  of  various  uncertainties  and  ap¬ 
proximations  on  the  optimum  solutions 

The  problems  treated  :n  the  literature  have  been  restricted 
within  the  framework  of  the  linear  theorx  The  limitations  of 
the  linear  formulation  need  to  be  defined  to  provide  the  'true 
tural  dvnamicist  the  influence  of  nonhneanties  as  a  M'urcc 
uncertaintv  Future  studies  should  include  the  influence  of 
geometru  and  material  nonhneanties  Experimental  investiga¬ 
tions  jrc  also  ven.  important  to  examine  the  influence  >i 
parameter  uncertainties  of  composite  ructures  on  their  d\ 
namic  performance 
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ABSTRACT 

The  paper  presents  che  results  of  m  experimental 
investigation  of  randoa  sxcitation  of  a  nonlinear 
two -degree -of  -  freedom  structural  mode 1.  Ths  model 
nonul  sods  frequenc  l«s  ars  adjusted  to  have  the 
ratio  of  2  to  l.  This  ratio  aeets  the  condition  of 
internal  resonance  of  the  analytical  Model  When 
the  first  normal  aode  is  externally  excited  by  a 
band  limited  randoa  sxcltation,  the  system  mean 
squara  response  is  found  to  be  linearly  propor- 
r tonal  to  tha  axcltatlon  spectral  danaity  up  to  a 
certain  lavel  above  which  the  two  normal  modes 
exhibit  discontinuity  governed  mainly  by  the  inter¬ 
nal  detuning  parameter  and  tha  system  damping 
ratio.  The  results  are  completaly  different  when 
tha  second  normal  aode  la  externally  excited.  For 
small  levels  of  excitation  spectral  density  the 
response  is  dominated  by  the  second  normal  mode 
For  higher  levels  of  excitation  spectral  density 
the  first  normal  aode  attends  and  interacts  with 
the  second  normal  aode  In  a  form  of  enargy 
exchange  A  number  of  deviations  from  thaoratical 
results  sra  observed  and  discussed 


i.  muwsuaa 

The  last  two  decades  have  witnessed  an  increasing 
interest  in  the  study  of  dynamic  behavior  of  non¬ 
linear  systems  under  deterministic  and  random  exci¬ 
tation*.  Under  certain  conditions  these  systems  may 
axperlence  complex  rtsponse  characteristics  such  as 
jump  phenomenon,  limit  cycles,  internal  resonancs , 
saturation  phanomenon.  and  chaotic  motion.  Those 
nonlinear  phenomena  have  bean  pradicted  theoreti¬ 
cally  “Jand  observed  experimentally4**  under  harmo¬ 
nic  excitations.  However,  most  of  the  predicted 
randoa  response  characteristics ,  including  response 
stochastic  stability  and  statistics.7,8  hsvs  not 
been  verified  experimentally.  Vary  few  sxperimsntal 
investigations  of  random  vibration  of  nonlinear 
system*  have  been  reported  in  the  literature.'  The 
lack  of  experimental  verifications  may  be  due  co 
several  reasons.  Those  Include  difficulties  in 
generating  tha  same  properties  of  the  randoa  exci¬ 
tation  as  rapreaentsd  theoretically,  and  tha  limi¬ 
tations  of  experimental  equipment .  Recently. 
Bolotin  discussed  a  number  of  experimental  diffi¬ 
culties  encountered  In  experimental  measurements  of 
stochastic  stability  of  parametric  excited  systems 

In  deterministic  nonlinear  vibrations;  the  Mpll- 
jump,  limit  cycles,  and  parametric  instability 
are  enmnu  feature,  of  nonlinear  single-  and  multi - 
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degree -of -freedom  systems  Parametric  Instability 
takas  place  dmn  the  external  excitation  appears  «s 
a  coefficient  in  the  homogeneous  part  of  tha  equa¬ 
tion  of  motion.  It  occurs  whan  tha  excitation 
frequency  la  twice  (or  multiple)  of  the  system 
natural  frequency.  Internal  resonance  and  saturs- 
clon  phenomenon  may  occur  only  in  nonlinear  systems 
with  mere  than  one  degree -of -freedom  Internal 
resonance  Implies  the  existence  of  s  linear  rela¬ 
tionship  between  the  system  natural  frequencies  and 
causes  nonlinear  normal  mode  interaction  in  tha 
fora  of  energy  exchange  Under  external  harmonic 
excitation,  tha  mods  which  Is  directly  excited, 
exhibits  in  the  baginning.  the  same  features  of  a 
single -degree -of  freedom  system  response  and  all 
other  modes  remain  dormant  As  the  excitation 

amplitude  reaches  s  certain  critical  leval.  the 
other  modes  become  unstable  and  the  originally 

excited  mods  reaches  an  upper  bound  In  this  case, 
the  mode  Is  said  to  be  saturated  and  energy  la 
transferred  Into  ocher  modes  This  interesting 
phenomenon  takas  place  only  In  systems  with  quadra¬ 
tic  nonlinear  coupling  which  results  in  a  third 
order  internal  resonance. 

Under  deterministic  unsteady  aerodynamic  forces . 
most  nonlinear  characteristic*  can  be  predicted  bv 
one  of  the  standard  techniques  of  nonllnosr  diffe¬ 
rential  equations.  However,  aerospace  structural 
are  usually  subjected  to  turbulent  sir  flow,  and 
the  aero# last ician  Is  confronted  with  aerodynamic 
loads  which  era  random  In  nature.  These  loads  vary 
in  s  highly  Irregular  fashion  and  can  be  described 
In  terms  of  statistical  quantities  such  ss  means, 
mean  squaraa,  autocorrelation  functions  and  spec • 
tral  density  function*.  Ibrahim  and  Robert*10' 
and  Ibrahim  and  He©  **  i3conaidered  nonlinear  two 
degree -of -freedom  structural  systems  and  applied 
GeuSslan  and  non -Gaussian  closure  techniques  to 
predict  the  response  statistics  and  response  sto¬ 
chastic  stability.  These  studies  revealed  that  a 
system  with  internal  resonance  may  axperlence  non¬ 
linear  characteristics  such  as  autopa rams trie  in¬ 
teraction.  Roberts14  conducted  a  seriaa  of  expe¬ 
rimental  taste  to  measure  tha  naan  squara  stability 
boundaries  of  a  unimode!  response  of  a  coupled  two- 
degree -of ♦ freedom  system.  Roberts  reported  a  num¬ 

ber  of  difficulties  in  measuring  the  stability 
bounoarlas.  Based  on  the  authors  experience  and 
other  investigators  work.  It  is  understood  that 
experimental  investigation  of  nonlinear  random 
vibration  la  not  a  simple  task  and  requires  careful 
planning  and  advened  equipment  preparations. 

The  purpose  of  the  present  paper  is  to  report  the 
results  of  an  experimental  investigation  to  mea¬ 
sure  tha  response  mean  squares  of  a  nonlinear  two 
degree -of- freedom  structural  modal  under  band 
limited  random  excitation.  The  same  medal  was  ana¬ 
lytically  examined  by  Haddow,  at  al.  under  harmo- 


nlc  •xcitmclon,  and  by  Ibrahim  and  undar 
alda  band  c«ndoa  •xcitation  Agrparnmnc*  and  4l*ag- 
raaaanea  wleh  thaoratlcal  prediction*  will  ba  dl*  - 
cuaaad  cogachar  with  raco— ndaclona  for  fucura 
•xpmrlmmntal  work 


u.  mimau.  Mgaomp 

Tha  random  raaponaa  of  a  two  dagraa-of • fraadom 
alaaetc  *tructura  haa  baan  dacaralnad  analytically 
in  rafarancas  [12.13)  Tha  analytical  nodal  shown 
In  fig  (1)  consist*  of  two  baema  with  and  masses 
Ifndar  vortical  support  notion  £(t)  tha  rasponaa  of 
tha  two  baama  Is  aalnly  govamad  by  linaar  dynamic 
and  parametric  couplings.  Howavar,  if  tha  systaa 
is  dasignad  such  chat  tha  first  two  normal  mods 
frequencies  ^  and  satisfy  tha  lntarnal  reso¬ 
nance  condition  ^2  *  2m.  .  tha  nonlinear  inarcis 

forces  become  dominant  and  tha  system  dynamic  ras- 
ponaa  deviates  from  the  linaar  response  In  terms 
of  tha  non-dimensional  normal  coordinates  Y  tha 
system  aquations  of  motion  srs : 
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♦  t;*(r>|b|lYI  *  tl  t  l  (1) 

„h.r.  ,  prlaa  dance.  dlffetentletlon  with  reepect 

to  tho  nondlinelonal  til  paraicer  7  -  .  ,c  ,  ,od  th* 
coordinatas  ?  are  ralacad  to  tha  dlmensidhal  normal 
coordinator  »  by  tho  reletlon  IY,,Y;I  -  ly1Y;y<lj 
q'  la  takon  aa  tho  rooponao  root  aeon  aquere  of  tho 
ai.toa  when  tho  length  of  tho  vertical  booa  shrinks 
to  loro,  to  tho  response  root  aoon  equate  of  tho 
aoln  booa  wleh  and  aoaa  (a  -a,)  Tho  oloaonta  of 
tho  voccor  (al  and  aotrl*  (bl  ara  constants  dopon- 
ding  on  tho  ayatoa  properties  Tha  sill  poraaotar 
q*/t  Tha  aacrlx  (r1!  la  dlogonal  with  alaaanta 
1  ani  (i  /u  )2  Tho  vector  (  t  I  contains  all  quad¬ 
ratic  no&l  lmar  eoraa  which  ancoapaaaoa  two  groupa 
nonlltvaer  taraa  of  tho  aoao  oodo  and  outoporoaotrlc 
corao  of  tho  typo  Y  Y"  It  la  tha  outoporoaotrlc 
coupling  which  gives  ilao  Co  tho  Internal  raaononta 
condition  r  -  ”  2 

Tho  rondoa  acceleration  "tn  »oa  aaauaod  to  bo 
Geuaaten  wide  bond  procoaa  with  taro  noon  and  a 
soooth  apoccral  dona  Icy  2D  up  to  aoaa  fraquoncy 
hlgbor  chon  any  cherecterlacic  froquonc-y  of  tho 
ayatoa.  Tho  acceleration  coma  In  tho  nonlinear 
funcclona  p  wore  roaovod  by  aueeaaatro  allalno- 
cion  and  eh*  ayatoa  equations  of  aotion  waa  ttan- 
aforaod  Into  a  Merkow  voctor  via  tho  coordinator 
transformation 
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(2) 


A  aac  of  first  order  differential  oquatlona  of  tha 
raaponaa  statistical  aoaanta  wars  generated  by 
ualng  tho  Fokkor-flonek  aquation  approach  Those 
oquatlona  wore  found  to  bo  coupled  through  higher 
order  points  and  wore  cloood  via  two  approaches 
Gaussian  and  non -Sous  a  tan  closures  Thess  cloaura 
tochnlquaa  are  baaed  on  tho  anient  proportloa 
Tho  Gaussian  cloaura  la  aatabliahed  by  aquotlng  all 
dulonta  *  of  ordsr  graator  than  two  to  taro,  1  a 
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t  >2)  osussian  closure  solution 

various  values  oi  non 1  inoar 
,-oupl  i ng  parameter  _ 


his  approach  rooultod  In  fourteen  coupled  dlffere- 
tlol  oquatlona  for  first  and  second  order  aoaanta 
f  tho  rooponao  coordinates.  Tho  nuaerical  integ- 
atlon  of  those  aquations  revealed  that  tho  respon- 
.  aeon  squares  fluctuots  bscwoon  two  Units.  This 
1  actuation  ions  that  tho  raaponaa  dooo  not 

chlrve  o  stationery  state  Tho  eutoperaitrlc 

ntereetlon  took  place  In  tho  neighborhood  of 
ncemel  rooononco  and  was  initiated  by  on  energy 
ixchonga  bo  tween  tho  ion  squares  of  tho  two  nonl 
Firure  (2).  taksn  fron  reference  12.  ehowe 
,  seaple  of “the  neon  square  response  of  the  eytton 
loril  nodes  egslnst  tha  lntarnal  detuning 


Tha  second  ithod  cakes  into  account  tho  effect  of 
the  response  non - normal i r y  Aa  a  first  order  non- 
Cnuetlen  approx  inat  ion  all  onlents  of  order 
greater  than  four  ire  equated  to  tero.  I  e. 
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Mg.  (3)  Non-Gaueslao  closure  solution  .or 

various  values  or  nonllnaar  coupling 

pariaittr  t 
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This  approach  resulted  In  69  flrat  ordar  differen- 
Cial  equations.  In  tha  flrat  through  tha  fourth 
ordar  momenta.  which  wara  solvad  nuamrlcally.  Tha 
solution  raachaa  a  stationary  stats  aftar  a  tran- 
alant  parlod  and  axhlblts  tha  i«aa  nonllnaar 
Inttraction  as  pradlctad  by  tha  Gaussian  closurs 
solution  Figure  (J)  shows  tha  stationary  mean 
squara  rasponsa  of  tha  normal  coordinates  against 
tha  intarnal  datuning  parameter 


tha  existence  of  saturation  phtnossnon  Tha  satu¬ 
ration  ph.  noma non  *  is  a  wall  known  faatura  for 
multi -dagraa-of - fraadom  sys tarns  involving  quadratic 
nonllnaar  coupling  subjactsd  to  harmonic  forcad 
excitation 

It  is  wall  known  that  tha  predicted  results  are 
approximate  and  thair  validity  has  not  been 
examined  The  next  section  reports  tha  measured 
results  of  a  seriaa  of  axpsrlmancal  tests  of  tha 
•ama  modal  under  band  Halted  random  excitation 


III  PtPPIMPfTAL  IMVESTTGATTQM 


IliJUtoaii— aui  fladti  and  fcaulawt 

The  model  is  limllar  to  a  great  extent  to  the 
experimental  modal  used  by  Haddow.  at  el.  It  con¬ 
sists  of  a  horizontal  beam  of  cross  section  of 
0  111-xl  0“  .  length  7  5",  end  carries  a  tip  mass  of 
0  015  slug  Tha  tip  mass  has  a  provision  for 
clamping  tha  vertical  beam  which  has  croaa  taction 
0  054"xl  0"  Tha  length  of  the  vertical  beam  can 
be  adjusted  by  changing  tha  location  of  its  top 
mass  (0  0127  slug)  The  deflections  of  the  two 
beams  era  measured  by  strain  gages  fixed  at  the 
root  of  each  beam  Two  gagas  are  mounted  on  tha 
horizontal  beam  In  a  two  arm  bridge  Four  gagas 
are  mounted  on  tha  vertical  beam  In  a  four  arm 
bridge  The  fixed  and  of  tha  horizontal  beam  la 
clamped  by  a  fixture  which  la  bolted  on  tha  top  of 
tha  shaker  armature  Tha  shaker  is  a  Caldyne  modal 
A88  of  thruat  100  lb  and  provides  1“  peak- to  oeek 
stroke  Tha  shaker  la  powered  by  a  Ling  Electro¬ 
nics  Hodal  RA-250  power  supply  and  receives  a  ran¬ 
dom  signal  through  a  CenRad  Type  1381  Random  Noise 
generator.  The  random  signal  Is  filtered  to  a 
desired  band  width  with  a  Krohn-Hite  Modal  3343 
Variable  Electric  Filter  Tha  filtered  signal  Is 
amplified  via  a  Calax  Nodal  176  Instrument 
Amplifier  Figura  (4)  shows  a  schematic  diagram  of 
the  Instrumentation  used  in  this  investigation 
Tha  acceleration  of  tha  shaker  platform  Is  measured 
by  a  PCB  Plezotronic  Modal  302A02  shock  accelerome¬ 
ter.  Tha  accelerometer  is  powered  by  *  PCB 
Plezotronic  Model  4B0C06  power  unit. 


Although  the  two  approaches  yielded  common  features 
to  chose  predicted  by  deterministic  theory5  of 
nonlinear  vibration  such  as  autoperametric  sup¬ 
pression  affect,  the  random  analysis  did  not  verify 


The  first  two  normal  mode  frequencies  of  the  system 
Ate  determined  theoretically  and  measured  experime¬ 
ntally  aa  a  function  of  tha  beams  length  ratio  2.  /l 
as  shown  in  fig.  f5).  This  figura  shows  that  ^ha^ 
Internal  resonance  *  /u.  -  2  Is  obtained  In  two 
locations  of  the  lehgth  ‘ratio  At  these  mass 
locations  tha  normal  mode  frequencies  ere: 


Pig.  (5)  Measured  and  theoretical  frequency  retio 
of  the  flrat  two  normal  modes 
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The  Analog  signal*  of  chs  excitation  and  responses 
ara  raad  and  convartad  into  binary  numbers  using  a 
Data  Translation  Nodal  DT-3752  Intalllgant  Analog 
Perlpharal  (LAF)  This  LA?  Is  capabla  of  raadlng 
althar  I  channals  (♦lOv)  or  14  channaLs  (0-lOv)  of 
input  It  can  also  road  and  convart  analog  signsls 
at  up  to  40k  points  par  sacond  This  unit  is 
mounted  in  an  • spans ion  slot  of  an  IBM  System  9001 
Banc he op  Coaputar  Tha  control  and  prograamlng  of 
cha  Analog/Dlgltal  (A/D)  system  ara  accomplished 
through  tha  software  control lad  raglstars  and  flald 
salactabla  (hardware)  options.  Tha  software  con¬ 
trol  Lad  raglstars  ara  cha  control  raglstars,  status 
raglstar.  and  galn/channal  raglstar  Tha  control 
raglstar  controls  tha  oparatlon  and  mode  of  cha  A/D 
system.  Tha  aodas  which  ara  usad  In  this  invest 1- 
gat Ion  ara  dlract  aaaory  cransfar  and  increment 
aod a  oparatlon.  Dlract  memory  cransfar  placas 
convartad  data  dlracciy  Into  cha  aaaory  of  cha 
coaputar.  Tha  increment  aoda  allovs  Cha  a/D  to 
incraaanc  cha  lnpuc  channal  number  autoaaclcally 
bafora  each  A/D  conversion  This  si lows  data  to  ba 
cakan  froa  saquancial  channals  without  esquiring  a 
prograa  Co  spsclfy  sach  channal  Tha  status  ragls- 
ear  rapores  cha  coaplaca  status  of  cha  A/D  systaa 
during  cha  oparatlon  Tha  galn/channal  raglstar 
salacts  tha  daslrad  channals  froa  which  cha  data  Is 
to  ba  cakan  and  sats  a  progr smash la  gain  for  ail 
input  signals.  This  gain  Is  sat  to  ona  for  all 
Costs  Tha  coaputar  controls  tha  DT-3752  through  a 
Fortran  program.  Analog  signals  ara  convartad  for 
a  apse  if lad  aaount  of  tlaa  or  until  cha  coaputar 
aaaory  is  full.  Whan  tha  coaputar  has  coaplatad 
collscclng  data,  tha  data  is  transfarrad  to  «  flop¬ 
py  disk  for  futura  processing. 


Tho  data  processing  is  performed  at  squally  spacsd 
Intervals  Tha  problaa  of  dstsralnlng  this  tlao 
Interval  Is  wall  discussed  In  Bandat  and  Plarsol 
Generally.  if  saapling  Is  praparad  at  points  which 
ara  coo  cloao  together.  1c  will  yield  correlated 
and  redundant  data.  This  will  unnecessarily  In¬ 
crease  tha  labor  and  coat  of  calculations.  Sta¬ 
pling  at  points  which  ara  too  far  will  lead  to  tha 
problaa  of  aliasing.  Tha  aliasing  is  aalnly  a 
confusion  between  tho  low  and  high  frequency  compo¬ 
nents  in  tha  original  data.  In  order  to  elialnate 
tha  problaa  of  aliasing,  a  saapling  rata  should  ba 
chosen  to  ba  at  least  two  time  tha  maxlmm  frequen¬ 
cy  chat  cha  model  will  experience  In  order  to  gat 
a  good  sample  data,  a  saapling  rata  Is  chosen  which 
is  roughly  eight  class  tha  maximum  frequency  In 
tha  present  investigation,  the  saapling  rata  la 
chosen  to  ba  80  Hx  par  channal  for  the  first  aoda 
excitation  and  160  Hx  par  channal  for  cha  second 
node  and  wide  band  excitation.  Data  processing 
Involves  another  problaa  known  aa  quantisation 
which  la  cha  conversion  of  data  values  at  tha 
saapling  points  into  digital  fora.  Tha  Infinite 
number  of  values  of  tho  continuous  analog  signal 
oust  ba  approximated  by  a  fixed  tat  of  digital 
levels.  A  choice  between  two  consecutive  levels 
will  ba  required  bocauaa  cha  scale  is  finite  Tha 
accuracy  of  cha  approximating  process  is  s  function 
of  tha  available  levels  which  Is  depandent  upon  cha 
analog  to  digital  converter  resolution.  Tho  accu¬ 
racy  of  tha  0T- 3752  is  tha  value  of  the  loast 
significant  bit  which  corresponds  to  a  voltage  of 


♦0  004 9v .  This  resolution  Is  analogous  to  a  def¬ 
lection  of  the  ho r Ison cal  beam  beam  of  ±0  00073- in 
and  the  vortical  of  ±0  0009 7 -In  and  an  acceleration 
of  00044 - g  for  the  excitation 

Tha  experimental  modal  Is  tasted  under  various 
levels  of  excitation  spectral  density  This  Is 
achieved  by  keeping  the  Input  signal  level  constant 
(Heater  Gain  an  Ling  Aapliflar)  for  tha  range  of 
Internal  detuning  of  cha  nodal  Tha  level  of 
amplification  la  adjusted  to  five  levels  for  tas¬ 
ting  af  both  tha  first  and  sacond  normal  frequency 
bendvtdtha  Another  series  of  casts  ara  conducted 
for  axel cat lorn  spectral  density  that  covers  both 
normal  mode  frequencies. 

HI  2  JLoMLlm ntal  Uiuia 

Tha  experimental  raaulca  include  sample  records  of 
time  history  responses  and  tha  mean  square  respon¬ 
ses  In  terms  af  generalised  coordinates  and  normal 
coordinates.  Tha  mean  square  response  will  ba  rep¬ 
resented  against  the  internal  detuning  parameter  r 
and  cha  excitation  spectral  density  level  Tha 
bandwidth  of  cha  random  excitation  depends  on  cha 
mode  under  investigation 


1II-2-1  First  Mode  Excitation 

The  first  mode  Is  excited  by  a  Halted  bandwidth 
random  excitation  of  bandwidth  5Hs  and  a  central 
frequency  vary  close  to  tha  first  normal  node  natu¬ 
ral  frequency  Tha  frequency  content  of  this  ran¬ 
dom  process  la  selected  such  that  it  does  not 
excite  any  higher  structural  modes.  For  cha  five 
lava l a  of  axe i cation  apactral  density,  cha  systaa 
response  Is  governed  aalnly  by  cha  first  aode  which 
does  not  show  any  nonlinear  coupling  Figure  (6) 
shows  a  sample  of  tha  time  hletory  response  under 
excitation  apactral  level  So-  0  0142  (g^/Hz)  when 
tha  modal  la  Internally  tuned  to  tha  resonance 
condition  ia  /ui  -2.0.  It  la  seen  that  the  response 
la  characterised  by  a  narrow  band  random  process  of 
frequency  cloaa  to  tha  first  normal  node  -  7.5  Hz. 


Figure  (7a)  shews  the  mean  square  response  of  tha 
general lead  coordinates  for  tha  same  excitation 
spoctral  density  Laval  of  fig.  (6).  The  empty 
points  are  measured  when  tho  mass  of  the  vertical 
beam  moves  upward  while  tha  full  points  are 
obtained  whan  tho  mass  moves  downward  Both  groups 


I 
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Fig  (7b)  squars  response  of  normal 

coordinates  under  first  normal  mode 
excitation. 

Excitation  level  V  S0  -  0  0142  ft  VMa .  empty  points 
correspond  higher  position  of  the  upper  mass  *hlle 
full  points  correspond  lower  position 


are  measured  In  the  neighborhood  of  the  system 
Internal  resonance  The  group  of  full  points  Indi¬ 
cates  chat  the  mean  square  of  the  horizontal  beam 
increases  while  the  mean  square  of  the  vertical 
beam  decreases  as  the  normal  mode  frequency  ratio 
Increases.  This  Implies  that  the  model 
Mhavfts  like  e  single  degree  •  of  -  freedom  system  for 
^2^1  y>  2  r°r  second  group  of  results  (empty 
points)  tho  moan  square  response  of  the  vertical 
beam  Increases  end  the  mean  square  of  the  horizon¬ 
tal  beam  decreases  This  feature  is  belonging  to 
the  characteristics  of  linear  vibration  absorbers 
due  to  inertia  coupling.  The  corresponding  rsspon- 
se  curvss  in  normal  coordinataa  ara  shown  In  fig. 
(7b)  The  square  points  (empty  or  full)  are  belon¬ 
ging  to  the  first  normal  mode  which  obviously  prs- 
domlnatss  the  response.  It  is  also  soon  that  aa 
the  vertical  mass  moves  downward,  the  modal  starts 
to  behave  Ilka  a  linear  single  degree -of- freedom 
system  whose  msan  square  Is  given  by  the  relation- 
ship17 

Ely2]  -  0/(;*3  «21  <») 


Fig  (la)  Relationship  between  mean  square 

responses  of  generalized  coordinates 
snd  the  excitation  spectral  density  for 
various  values  of  internal  detuning 


Fig  (8b)  Relationship  between  mean  square 

responses  of  normal  coordinataa  and 
the  excitation  spectral  density  for 
various  values  of  Internal  detuning. 


where  m.  *  and  C  ara  the  mass,  natural  frequency, 
and  damping  ratio  of  the  system,  respectively.  2D 
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(Measurements  ara  taken  for  lower  position  of  the 
upper  mass) . 


is  the  excitation  spectral  density  of  s  wide  band 
random  excitation. 

le  is  clear  Char  tha  trend  of  the  full  square 
points  agrees  with  the  linear  solution  (6)  that  the 
mean  square  response  is  inversely  proportional  co 
tha  cube  of  the  first  normal  aoda  frequency 

In  order  to  provide  more  insight  to  the  systea 
response  statistics.  the  aean  square  response  is 
plotted  against  the  excitation  spectral  density 
level  as  shown  in  fig.  (8a)  for  various  valuas  of 
ineamal  detuning.  It  la  seen  that  the  aeen 
squares  of  tha  two  beams  increase  with  the  excita¬ 
tion  spectral  density  up  to  a  certain  level  above 
which  the  curves  are  discontinuous  The  degree  of 
discontinuity  depends  on  the  internal  detuning 
Any  deviation  froa  the  exact  internal  detuning 
results  In  a  strong  discontinuity  This  disconti¬ 
nuity  means  that  the  systea  Is  unstable  in  the  aean 
squars  sense.  Slaller  features  were  reported  In 
the  deterministic  response  of  the  saae  systea  by 
Haddow .  et  al  5  The  location  of  discontinuity  la 
strongly  dependent  on  the  values  of  deaping  ratios 
and  the  internal  detuning  of  the  structure  Figure 
(8b)  shows  the  aean  square  response  of  the  normal 
coordinates  against  the  excitation  spectral  densi¬ 
ty  Tha  curves  have  the  saae  trend  of  fit  '’Bat 

111.2.2  Second  foda  Excitation 

The  second  normal  mode  is  excited  by  a  Halted  bend 
randoa  excitation  of  bandwidth  5  Ms  and  central 
frequency  very  close  to  the  second  normal  mode 
frequency  Five  levels  o^  excitation  spectral 
density  ranging  froa  0  001  g*/Hz  to  0  022  g^/N t  are 
selected.  A  general  feature  of  the  time  history 
response  records  is  chat  both  amplitudes  q  and  q^ 
increase  with  the  levels  of  excitation  a*1  in  the 
first  mode  excitation.  The  records  slso  show  that 
for  all  selected  beea  length  ratios  and  for  all 
levels  of  excitation  spectral  density,  the  vertical 
beea  amplitude  q  is  always  greeter  than  the  hori¬ 
zontal  beaa  amplitude  q^ .  Another  observation  is 
that  when  the  excitation  level  is  held  constant  the 
amplitudes  q.  end  <*j  Increase  slightly  as  the  beam 
length  ratio  increases.  For  small  levels  of  exci¬ 
tation  spectral  density .  the  second  norael  mode  is 
observed  to  have  no  interaction  with  the  first 
mode.  However,  above  a  certain  level  of  excitation 
spectral  density .  it  Is  found  that  the  first  mode 
appears  for  e  certain  period  of  time  and  then 
disappears  as  the  second  aoda  takes  over,  end  so  on 
as  shown  in  fig.  (9s) .  This  nonlinear  interaction 
of  the  two  normal  modaa  la  mora  clarified 
in  fig.  (9b).  Under  harmonic  excitation.  Haddow, 
et  al.5  raportad  similar  energy  exchanga  batwaen 
tha  two  modaa.  Furthermore.  it  was  shown  that  tha 
directly  excited  aoda  becomes  saturated  and  anargy 
la  transfarred  to  tha  first  aoda.  In  tha  prasant 
Investigation,  the  enargy  tranafar  takes  place  not 
only  under  high  levels  of  excitation  spectral  den¬ 
sity  but  also  when  the  the  Internal  resonance  is 
approaching  tha  value  2  aa  vertical  beaa  length  is 
increasing. 

The  mean  squara  responses  of  the  generalized  end 
normal  coordlnatas  ara  plotted  against  the  internal 
detuning  parameter  r  In  figs.  (10a)  and  (10b). 
respectively.  Tha  supprasslon  effect  of  the 
excited  mods  takes  place  only  when  the  vertical 
■ut  la  moved  downward  as  shown  In  fig.  (10b)  by 
tha  full  triangular  points.  The  second  node  mean 
square  (empty  triangular  points)  Increases  with  a 
corresponding  decrease  in  the  first  mode  mean 
square  (aa  the  vertical  mass  moves  upward). 


I  X  '  -  - - - - - ' 

. . . ii'iiiii 


Fig  (9a)  Tima  history  response  of  second  mode 
excitacion  under  egfltatlon  spectral 
density  of  0  022  g  VH* 


Fig  i 9b )  Magnification  of  tlaa  hlatory  raaponaa  of 
second  mode  excitation  showing  attendance 
of  first  normal  aoda 


l  am  7  <  i  ’•  Vn  *  « 


Fig  (10a)  Mean  squara  responses  of  generalized 
coordinates  under  second  normal  mode 
excitation 


Fig.  (10b)  Seen  square  responses  of  normal 

coordinates  under  second  normal  mode 
excitation. 
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Fig  (,11a)  Relationship  beevosn  Man  square 

responses  of  general ized  coordinates  and 
excitation  spectral  density  for  various 
values  of  Internal  detuning. 


Pig.  (lib)  Relationship  between  mean  square 

responses  of  normal  coordinates  and 
excitation  spectral  density  for  various 
values  of  internal  detuning. 

(Measurements  are  taken  for  lower  position  of  the 
upper  m ass. ) 


Figures  (11a)  and  (lib)  show  the  Influence  of  the 
excitation  spectral  density  on  the  normal  node 
■•an  square  responses  of  the  generalised  and  normal 
coordinates,  respectively.  Figure  (lib)  Indicates 
that  the  second  normal  mode  mean  square  is  relati¬ 
vely  smaller  than  the  first  normal  moda  mean  square 
response  This  suppression  effect  is  due  to  the 
nonlinear  normal  mode  interaction.  However,  the 
saturation  phenomenon .  known  In  deterministic  sys¬ 
tems  with  quadratic  nonlinearity .  is  not  pronounced 
in  the  present  rsaulta  since  the  excitation  is  a 
random  process  which  contains  several  frequencies 
each  of  which  may  excite  the  two  modes.  In  deter¬ 
ministic  excitation,  the  external  end  internal 
detunings  ere  very  Important  in  establishing  the 
saturation  phenomenon. 


111^.3  iwq  float  gaimoa 

The  purpose  of  those  tests  Is  to  sxplore  the  beha¬ 
vior  of  the  system  under  random  excitation  which 
covers  both  normal  mode  frequencies.  Due  to  the 
shaker  limitation  the  teats  ere  conducted  under 
single  excitation  spectral  density  level  $a  -  0.0026 
g^  /Hz.  A  sample  of  the  time  history  response 
record  Is  shown  In  fig.  (12)  which  reveals  the 
presence  of  tho  two  modes.  The  amplitude  of  oscil¬ 
lation  of  each  beam  depends  on  the  vertical  mess 
location  which  yields  the  seas  Internal  resonance 
condition.  Figures  (13a)  end  (13b)  show  the  depen¬ 
dence  of  the  mean  square  response  on  the  Internal 
detuning  In  terms  of  generalized  end  normal  coordi¬ 
nates.  respectively  The  full  points  reveal  linear 
response  characteristics  while  the  empty  points 
show  s  nonlinear  Interaction  between  the  two  modes 


fifl&yaiaa  m.  Discussion 

The  results  of  an  experimental  invest iget Ion  of 
nonlinear  model  Interaction  In  a  two -degree- of  - 
freedom  structural  model  under  random  excitation 
ere  reported.  The  model  equations  of  motion  in¬ 
clude  linear  and  nonlLnear  Inertia  couplings  of  the 
generalized  coordinates.  The  normal  mode  frequen¬ 
cies  end  *2  °f  the  model  ere  adjusted  to  meet 
the  internal  resonance  condition  r  -  2.0.  This 
frequency  ratio  Is  found  to  exist  st  two  bees 
length  rstloe  £  /£  -  0.49  end  0.71.  At  these 
locations  the  system  response  characteristics  are 
completely  different  when  the  model  Is  excited  by  s 
bend  limited  random  excitation.  Three  mein  series 
of  tests  are  conducted  to  examine  the  system  res¬ 
ponse  behavior  when  the  first  end  second  modes  are 
excited  separately  end  when  both  modes  ere  excited 
simultaneously . 

When  the  first  normal  mode  is  externally  excited  It 
Is  found  that  the  mean  squares  of  the  two  modes  arc 
Increasing  monotonlcelly  with  excitation  spectral 
density.  The  response -excitation  relationship  Is 
almost  linear  for  smell  excitation  levels  When 
the  two  beams  are  tuned  to  the  exact  internal 
resonance,  the  response -excitation  relationship 
follows  e  continuous  curve.  For  different  internal 
detuning,  the  response  curves  exhibit  s  disconti¬ 
nuity.  This  feature  Is  similar  to  the  determinis¬ 
tic  characteristics  of  the  seme  model. 

When  the  second  normal  mode  is  externally  excited, 
the  system  response  is  dominated  by  the  second 
normal  mode  up  to  an  excitation  spectral  density 
level  above  which  the  first  normal  mode  attends  and 
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deviation  fro*  theory  l*  attributed  to  the  face 
choc  the  experimental  excitation  la  a  band  11*1  tad 
random  procaaa .  while  In  chaory  ic  is  raprasancad 
by  a  wide  band  random  procass.  Anochar  sourca  of 
daviacion  Is  Chat  cha  transformation  into  normal 
coordinacas  Is  not  axact  slnca  it  doas  not  take 
into  account  tha  affact  of  structural  damping.  To 
eliminate  this  problaa,  it  is  convenient  to  adopt 
othar  aodals  whose  generalized  and  normal  coordl- 
natas  ara  cha  same.  With  nav  aquipaant  md  more 
powerful  shakers  cha  first  author  is  currently 
undertaking  an  experimental  research  program 
supported  by  cha  NSF. 


Fig.  (12)  Tima  history  response  of  two  normal  modes 
excitation. 


Fig.  (13a)  Naan  square  responses  of  generalized 
coordinates  under  band- limited  random 
excitation  of  tha  two  normal  modes. 


— 


Flit.  (13b)  N«*n  square  r»*pon»«»  of  noraal 

coordinates  undsr  bsnd-llaltsd  rsndoa 
sxcicseion  of  ths  tuo  noraal  aodss - 

[S  -  0.0026  g2/Hz,  points  notstion  follows  fig. 
<7>°]  • 


tha  tuo  noraal  Bodes  sxhlblt  nonlinear  Interaction. 
Aboua  this  excitation  lauul,  the  first  normsl  aods 
shows  large  run  if—  notion  which  rooulto  In  o  sup¬ 
pression  of  tha  second  node,  the  results  do  not 
display  any  ewldenee  for  ths  existence  of  satura¬ 
tion  phonanenon  Ths  aaln  features  of  ths  wlbrstlon 
autoparsBatrlc  sbsorbar.sffsct  reported  thaorstles- 
Uy  by  Ibrshla  and  Bsolz  ere  not  exactly  confirmed 
In  tha  aaasursd  results.  It  Is  bellewsd  that  the 
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STRUCTURAL  MODAL  INTERACTION  WITH  COMBINATION  INTERNAL  RESONANCE 
UNDER  WIDE  BAND  RANDOM  EXCITATION 


R.  A.  Ibrahim  W.  Li 

Wayne  State  University 
Department  of  Mechanical  Engineering 
Detroit,  Michigan  48202 


ABSTRACT. 


This  paper  examines  the  nonlinear  interaction  of  a  three-degree-of -freedom 
structural  model  subjected  to  a  wide  band  random  excitation.  The  non¬ 
linearity  of  the  system  results  in  different  critical  regions  of  internal 
resonance  which  have  significant  effect  on  the  response  statistics.  With 
reference  to  combination  internal  resonance  of  the  summed  type  the  system 
response  is  analyzed  by  using  the  Fokker-Planck  equation  approach  together 
with  a  non-Gaussian  closure  scheme.  The  non-Gaussian  closure  is  based  on 
the  cumulant  properties  of  order  greater  than  three.  As  a  first  order  ap¬ 
proximation  the  scheme  yields  209  first  order  differential  equations  in 
first  through  fourth  order  joint  moments  of  the  response  coordinates.  The 
analysis  is  carried  out  with  the  aid  of  the  computer  algebra  software 
MACSYMA.  The  response  statistics  are  determined  numerically  in  the  time  and 
frequency  (internal  detuning)  domains.  Contrary  to  the  Gaussian  closure 
scheme  the  non-Gaussian  closure  solution  yields  a  strictly  stationary  res¬ 
ponse  in  addition  to  a  number  of  complex  response  characteristics  not  pre¬ 
viously  reported  in  the  literature  of  the  area  of  nonlinear  random  vibra¬ 
tion.  These  include  multiple  solutions  and  jump  phenomena  (jump  and  collap¬ 
se  in  the  response  mean  squares)  at  internal  detuning  slightly  shifted  from 
the  exact  internal  resonance  condition.  At  exact  internal  resonance  the 
system  response  possesses  a  unique  limit  cycle  in  a  stochastic  sense.  The 
regions  of  multiple  solutions  are  defined  in  terms  of  system  parameters 
(damping  ratios  and  nonlinear  coupling  parameter)  and  excitation  spectral 
density  level. 
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I.  INTRODUCTION 


The  linear  modeling  of  any  dynamical  system  is  commonly  acceptable  as  long 
as  the  actual  response  characteristics  to  various  types  of  loading  follow 
the  linear  solution.  However,  under  certain  situations  the  system  may  expe¬ 
rience  certain  complex  characteristics  that  cannot  be  justified  by  the 
linear  solution.  These  complex  response  features  owe  their  origin  to  the 
system  inherent  nonlinearities.  In  structural  dynamics  the  nonlinearity  may 
take  one  of  three  classes  [1,2]:  elastic,  inertia,  and  damping  nonlineariti - 
es.  Elastic  nonlinearity  stastt  from  nonlinear  strain-displacement  relations 
which  are  inevitable.  Inertia  nonlinearity  is  derived,  in  Lagrangian  formu¬ 
lation,  from  the  kinetic  energy.  In  multi-degree-of-freedom  systems  the 
normal  modes  may  involve  nonlinear  inertia  coupling  which  may  give  rise  to 
what  are  effectively  parametric  instability  phenomena  within  the  system. 

The  parametric  action  is  not  due  to  the  external  loading,  as  in  the  case  of 
parametric  vibration,  but  to  the  motion  of  the  system  itself  and,  hence,  is 
described  as  autoparametric  [3].  The  main  feature  of  autoparametric  coup¬ 
ling  is  that  the  motion  of  one  normal  mode  gives  rise  to  loading  of  other 
modes  through  time-independent  coefficients  in  the  corresponding  equation  of 
motion.  The  natural  frequencies  of  the  normal  modes  involved  in  the  autopa¬ 
rametric  interaction  are  usually  related  by  a  linear  algebraic  relationship 
known  as  "internal  resonance"  condition. 

According  to  the  order  of  nonlinear  coupling  the  system  may  exhibit  certain 
types  of  response  phenomena  [4, 5].  For  example,  systems  with  quadratic 
nonlinear  inertia  coupling  may  experience  saturation  phenomenon,  amplitude 
jump,  nonlinear  resonance  absorption  effect,  and  multi-response  behavior. 

For  the  case  of  two  degree-of-freedom  systems  which  possess  third  order 
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internal  resonance  condition  ui,«  ,  it  is  found  that  if  tha  second  mode  is 
extamally  excited  it  behaves,  in  the  beginning,  like  a  linear  single 
degree-of-freedom  system,  and  Che  first  mode  remains  dormant.  As  tha  excit¬ 
ation  amplitude  reaches  a  certain  critical  level  the  first  mode  becomes 
unstable,  and  tha  second  soda  reaches  an  upper  level.  This  mode  is  said  to 
be  saturated,  and  energy  is  then  transferred  to  the  first  mode.  This  feat¬ 
ure  has  been  predicted  theoretically  and  observed  experimentally  by  Haxton 
and  Barr  [6]  in  their  autoparaaetric  vibration  absorber;  Nayfeh,  at  al.  [7] 
and  Hook,  at  al.  [8]  in  ship  dynamics  involving  nonlinear  coupling  between 
pitching  and  rolling  motion;  and  Haddow,  at  al.  [9]  in  nonlinear  motion  of 
coupled  beams.  For  three  degrae-of- freedom  systems  possessing  internal 
resonance  of  the  sunned  type  ^  similar  featuras  were  reported  bv 

Ibrahim  and  Woodall  [10],  Bux  and  Roberts  [11]  and  Roberts  and  Zhang  ' 1 Z . . 

The  response  behavior  of  nonlinear  systems  under  harmonic  excitation  mav  be 
changed  if  the  excitation  is  a  random  process.  The  theory  of  nonlinear 
random  vibration  is  not  well  developed  as  its  deterministic  counterpart.  The 
theory  of  nonlinear  random  vibration  requires  advanced  background  in  the 
theory  of  random  processes  and  stochastic  differential  equations  [13-15]. 

Few  attesipts  have  been  made  to  predict  the  response  statistics  of  nonlinear 
two-degree-of -freedom  systems.  These  include  the  work  of  Ibrahim  and 
Roberts  [16,17],  Schmidt  [18],  and  Ibrahim  and  Heo  [19,20]  who  examined  the 
autoparametric  interaction  of  two  freedom  systems  subjected  to  wide  band 
random  excitations.  The  response  statistics  of  these  systems  share  a  number 
of  nonlinear  characteristics  of  deterministic  results  such  as  nonlinear 
resonance  absorption  effect.  However,  the  saturation  phenomenon  did  not 
take  place  because  the  excitation  contains  a  wide  range  of  frequencies  which 
result  in  a  continuous  variation  of  the  external  detuning.  Recently, 
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Ibrahim  and  Hedayati  [21]  hava  azaminad  tha  affact  of  quadr  ic  nonlinear 
inartia  coupling  in  a  thraa-dagraa-of-fraadom  structure  subjected  to  a  wide 
band  random  excitation.  They  used  tha  Fokker-Planck  aquation  approach  to¬ 
gether  with  a  Gaussian  closura  scheme.  In  tha  neighborhood  of  tha  combina¬ 
tion  internal  resonance  condition,  ^  +  Uj*  th*  nonlinear  interaction 

was  found  to  taka  place  between  tha  second  and  third  normal  modes  at  an 
internal  detuning  parameter  r  ■  uij  /  (u^  +  uj„  )  »  1.18.  At  r  *1.0  all  attamp 
ts  converged  to  tha  linear  random  response  statistics.  The  purpose  of  the 
present  paper  is  to  employ  a  non-Gaussian  closure  scheme  which  take  into 
account  the  effect  of  the  response  deviation  from  normal  distribution  with 
the  purpose  of  exploring  three  modal  nonlinear  interaction.  For  the  sake  of 
completeness  a  brief  review  of  tha  results  of  reference  [21]  will  be  given 
in  section  VI.  Tha  effect  of  excitation  spectral  density  level  on  the  res¬ 
ponse  characteristics  will  be  examined  in  section  VII. 


II.  BASIC  MODEL  AND  EQUATIONS  OF  MOTION 

Figure  1  shows  a  schematic  diagram  of  an  analytical  model  of  an  aircraft 
subjected  to  random  excitation  F(t).  The  fuselage  is  represented  by  the 
main  mass  m^.  linear  spring  kj  and  dashpot  c-j .  Attached  to  the  main  mass  on 
each  side  are  two  coupled  beams  with  tip  masses  m^  and  m2,  stiffnesses  k, 
and  k2>  and  lengths  and  ij*  In  the  analysis  of  the  shown  system  only  the 
symmetric  motions  of  the  two  sides  of  the  model  are  considered.  Under  ran¬ 
dom  excitation  the  system  response  will  be  described  by  the  generalized 
coordinates  q^,  q2,  and  q^  as  shown  in  the  figure.  The  equations  of  motion 
are  derived  by  applying  Lagrange's  equation 


d_ 

dt 


(1) 
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where  L  -  T  -  V, 


The  kinetic  energy  T  is  given  by  the  expression 

T  ”  2‘VV1+(2lf)2]'  ’f  *  2  *2^2  *  2<VW*3 


3*2*2  .  . 


**2l2 


.2 


+  2T^~  *1*2  *  <*1*V*1*3+  <«1*I  +5<1*1*3> 


(2) 


3*2  *1*1*2  2  6“2 

+  nr  (~r-^ +  w*  *  ws  qi  V  4  Tir*  W3 +  wt 


where  a  dot  denotes  differentiation  with  respect  to  tiN  t.  Neglecting  the 
gravitational  effects,  the  potential  energy  V  is  given  by  the  elastic  energy 


V  ■  l/2(k1q12  +  k2q22  +  k3*32) 


(3) 


Substituting  for  T  and  V  in  equation  (1)  and  bypassing  energy  dissipation 
due  to  damping  (damping  forces  will  be  introduced  later)  yields  the 
equations  of  motion  in  terms  of  the  nondimensional  coordinates  ^ 
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where  ■  q^/q^.  T  ■  w  t 


(4) 


q-j  Is  taken  as  the  root-mean-square  of  the  main  mass  when  all  other  parts 
are  locked  under  forced  excitation,  is  taken  as  the  third  eigenvalue  of 
the  system,  and 
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m^,  ■  +  Ojil  +  2.2S(  £,/ 1  )2] ,  BI22  “  “2 

^  0*7  ^  *  1 . 5m2  (  t  /  /(  ) 

b13  "  ®i  +  ®2 

Tj  “  0-45  <2q,q"  +  5'2  +  5^1^) 

+  1.3  (0.2q1qj  +  q^j  +  2q2q~  ♦  2q'q') 

+  1.2  (ytjXqjqj  +  q'2) 

\  -  1.5  (0.2^q“  -  0.8q'2  +  ^5") 

+  1  -2(  /  i2  )(q2q2  +  q2qj) 

-  2 

»3  ■  2.25(i.2/i1Xq1q"  +  q'  ) 

+  l.S^q"  +  2q'q'  ♦  52q") 

+  1.2(i1/i2)fq2q"  +  q'2) 

where  a  prime  denotes  differentiation  with  respect  to  the  dimensionsionless 
time  T . 


III.  EIGENVALUES  AND  NODE  SHAPES 

The  system  eigenvalues  are  determined  from  the  conservative  linear  part  of 
the  equations  of  motion 

[m]{q)  +  [k] {q}  -  {0}  (6) 

the  characteristic  equation  of  (6)  is 

Det |  [ k ]  -  w2  [ml  |  -  0  (7) 

where  the  roots  of  (7)  give  the  eigenvalues  u.  of  the  system. 

Expanding  the  determinant  gives  the  cubic  equation 
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where  the  frequency  parameters  _  ^  «fk^/m^  arc  the  natural  fraquencias  of 
tha  individual  components  of  tha  modal.  The  WSL  (International  Mathemati¬ 
cal  and  Statistical  Library)  subroutine  ZPOLR  (Zeros  of  a  Polynomial  with 
real  coefficients)  is  used  to  find  tha  roots  of  equation  (8).  Figure  (2) 
shows  a  sample  of  tha  dependence  of  the  natural  frequency  ratio  r  ,  +u) 

on  the  ratios  and  u,,  /ui^  ^or  be*®*  °f  length  ratio  t^/i  »  0.25, 

and  mass  ratios  mj/m^  “  0.5,  and  mj/nij  «  5.0.  The  importance  of  these 
curves  is  to  define  tha  critical  points  where  the  structure  possesses  inter¬ 
nal  combination  resonance  r  ■  1.0.  It  is  seen  that  the  most  critical  region 
is  located  on  the  curves  belonging  to  the  values  of  -  12^  ~  33  ran8ing  from 
1  to  2.  For  the  present  analysis  the  curve  corresponding  to  •“22^“33  “  1-4 
will  be  adopted.  The  mode  shapes  of  the  modal  corresponding  to  the  three 
eigenvalues  which  satisfy  the  internal  resonance  condition  r  “  1.0  are  eval¬ 
uated  by  the  method  of  matrix  decomposition  [22]  and  are  shown  in  fig.  (3). 
The  eigenvectors  of  the  system  will  be  used  in  section  TV  to  construct  the 
modal  matrix  [R]. 


IV.  TRANSFORMATION  INTO  NORMAL  COORDINATE 


Equations  (4)  include  linear  and  nonlinear  dynamic  coupling.  It  is  conveni 
ent  to  eliminate  the  lineer  dynamic  coupling  by  transforming  equation  (4) 
into  principal  coordinates  Y^,  by  using  the  transformation 
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{qi  -  [RHY> 


1 9  ' 


where  £ R ]  is  tha  nodal  matrix  whose  columns  are  the  eigenvectors. 


[R] 


1  1  1 

nl  n2  n3 

n3  "Rj  ^3 


(10) 


Rewriting  equations  (4)  in  tarns  of  tha  principal  coordinates  in  the  matrix 
form 


{ml  C R ]  { Y*'}  ♦  (kHRHY)  -  (F(  t ) )  -  (uKY.Y1  ,Y")}  (11) 

Premultiplying  equation  (11)  by  tha  transposa  of  tha  modal  matrix  results  in 
diagonalizing  the  mass  and  stiffness  matrices.  The  resulting  equations 
involve  nonlinear  coupling  and  have  the  form 
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■  1  +  a(l  +  2.258Z+  33^  +  2n{  +  n^)  +  (1  +  “3 

2  -  2 

-  1  ♦  (kj/^)  n1  +  Oc3/kt )  nt 

’  YI  <LillYl  +  Li21Y2  +  Ui3lV  +  Y“2(L112Y1  +  Li22Y2  +  Li32Y3) 

♦  *3  0.1X3Yl  +  L123Y2  +  L133Y3>  *  MillYi2  +  M122Y}2  +  Mi33Y32 

♦  «il2y(Y2  +  Mil3Yi  Y3  +  Ml23r2  Y3 
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a  -  »2/a1  .  3  -  y *3 

Lljk  -  0.93  +2 .25  3nk+0.3nk+l .  5n  ^+(  1.2/8)0^11^ 

+  n^O.3  +  1.5^  +  (1 .2/ S)n jCl+n^) ]  ♦  ^[2.253  ♦  +  (1 .2/ =)n  ] 


Mljk  “  0-9S  +  3(“j+tlK)  +  (2. 4/3)0^  “ 

( J  *  k) 

-2.4ni  +  nt[4.5a  +  3(^+0^)  +  (2.4/8)11^] 

(13) 

M  •  0.458  +  3n  +  (l.2/3)n2  - 

iii  l  *- 

-  1.2a,  +•  n .  [2 . 25 3  +  3n  .  ■*•  (1.2/3)n.2) 

11  «•  * 
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V.  DIJTERDfTIAL  EQUATIONS  OF  RESPONSE  MOMENTS 


The  response  coordinates  can  be  approximated  as  a  Harkov  vector  if  the  ran¬ 
dom  excitation  is  represented  by  a  zero  mean  physical  white  noise  U( -  ) 
having  the  autocorrelation  function 


R^&t)  -  E[W(t)W(t  ♦at)]  -  2D6(4t)  (1-) 

where  2D  is  the  spectral  density  and  5(  )  is  the  Dirac  delta  function. 

This  modeling  is  justified  as  long  as  the  relevant  Wong-Zakai  [14]  coorec- 
tion  term  is  preserved.  In  order  to  construct  the  response  Harkov  vector 
the  acceleration  terms  involved  in  the  nonlinear  functions  f  must  be  removed 
by  successive  elimination.  In  view  of  the  cosiplexity  of  the  equations  of 
motion  the  elimination  process  is  performed  by  using  the  symbolics  manipula¬ 
tion  software  MACSYMA.  Equation  02)  takes  the  new  form 

Y"i  ■"  2;iri3Y’i  +  ri32yi  "  fiW(T)  +  i»i(Y*Y')*  i  "  U2.3  05; 


where  linear  viscous  damping  terms  have  been  introduced  to  account  for  ener 
gy  dissipation,  and 


-t2  ■  (klt/Mu)  (k^) 


ri3  ’  V“3 


f  •  n  /M 
1  i  11 


c  *  q3  /ll 


W(t)  •  - Ly~  F(t/aj) 

■1 


Introducing  the  transformation  into  the  Markov  state  vector  X 

<Y1-  Y’l’  y2’  y'  2’  Y3 *  y'3>  *  «i.  X2.  X3,  X4,  X5>  X&}  06) 

equation  (15)  may  be  written  in  the  standard  form  of  Stratonovich  differen- 
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tial  aquation 


dXi  •  Fi(X,t)dt  +  I  Gij(X.r)dBj(t) 


whara  tha  whita  noise  W(r)  has  baan  replaced  by  the  formal  derivative  of  the 
Brownian  notion  process  B(t),  i.a. 


y(T)  -  o  dB(T)/dT. 


O'  -  2D 


Alternatively,  equation  (17)  may  in  turn  be  transformed  into  the  Ito  type 
equation 

,  6  6  SG  (X.t) 

«i  *  +  i  '-ir- 1 

6  C8; 

■f  :  G.UX.r)  dB-(t) 
j-l  -  -1 

where  the  double  summation  expression  is  tha  called  the  Wong-Zakai  (or  Its) 
correction  term  (14). 

The  system  stochastic  Ito  equations  are 


d*1  -  x2dt,  d*3  -  *4dr,  dx5  -  x  dT 

dx2  -  (2  ^13*2  -  r132x:  +  (2  b^r^  *  ru\  HL.^  ♦  L12lx3  +  L^) 

+  (2  bl  V23x4  +  blr232x3)(L112xl  +  L122x3  *  L132x5} 

+  (2  b353x6  +  b1xs)(Lu3x1  +  L123x3  +  L133x5) 

+  b3[-  Mlux22  -  «U2x42  -  Mn3x62  '  MU2*2x4  -  M123x4x6  -  M113x2x6l)dt 


f  (f,  + 


1  *  Cllxl  +  &1 2X3  *  C13X5  +  c14xlx3  +  c15xlx5  +  C16X3 


+  C17*l  +  C18X3  +  ci9*s)dfl 


11 


“  {2  ^2r23x*  "  r23  *3  *  b2^ir23x2  +  r13  xl^“211xl  '*'  ^221x3  +  ^"23IX5 

+  (2  ^^2^3*4  +  ^jr23  X3^^212X1  +  ^*,22x3  +  ^232x5^ 

+  (2  b2C3x6  +  b2x5)(L213xl  +  L223x;  +  L233x5) 

+  b2[-  M2Ux2  ’  ,k,222xi  "  M233X6  *  *212X2X4  '  M223X4X6  ’  M213x2x6^;d 

+  {f2  ♦  CjjXj  +  c22x3  *  c23x5  +  c24xix3  +  c25xlx5  +  C26X3X5 


+  c27xl  +  c28x3  +  c29x5)dB 


dx6  -  {2  £3x&  x5  +  (2  b3’iri3x2  +  rl3  X1)(L311X1  +  L321x3  *  L331x5) 

+  (2  b3S2r23x4  +  b3r23  x3)(L312X1  +  L322x3  +  L332x5) 

"■  (2  b3£3x6  +  b3x5KL313xl  +  L323x3  +  L333x5) 

+  b3[-  M3ux2  -  M322xa  '  M333x6  '  M312*2X4  '  M323X4X6  '  M313x2x6lld’ 

+  {f3  +  c31xx  +  c32x3  +  c33x5  +  c34x1x3  +  c35xlx5  +  C36X3X5 


+  C37xl  +  C38X3  +  C39X5}dB 


where 


The  evolution  of  the  probability  density  of  the  joint  response  coordinates  X 
is  described  by  the  Fokker-Planck  equation 


3p(X,t)  6  _i_ 

- ^  ^ 


1 


—  c«i ex. p  a,  ■)}  - 

i 

6  6 


,  Z  Z  jx "  [b^«(X>t)  p(S,)l 

2  i-1  j-1  i  j  J 


where  p(X,T)  is  the  response  joint  probability  density  function,  and  a. (X,' 
and  b^jCX.t)  are  the  first  and  second  incremental  moments  evaluated  as 
follows 

ai(X,T)-,Um0  ^E[Xl(t  +  dr)  -  X^t)] 


bij  <x.*KU“0  7:  ei-.x^t  +iT)-xi(t):-xj(T  +  dt)-x.(t):i 

In  order  to  construct  the  Fokker-Planck  equation  of  the  present  system  the 
coefficients  a.^  and  by  are  evaluated.  In  view  of  the  complicated  analytic¬ 
al  manipulations  involved  in  this  section  and  subsequent  sections  the 
MACSYMA  programming  is  used  throughout  the  analysis  of  this  paper.  It  is 
obvious  that  the  system  Fokker-Planck  equation  cannot  be  solved  even  for  the 
stationary  case.  Instead,  one  may  generate  a  general  first  order  differen¬ 
tial  equation  describing  the  evolution  of  response  joint  moments  of  any 
order.  This  equation  is  obtained  by  multiplying  both  siden  of  the  Fokker- 
Planck  equation  by  the  scalar  function  $(X) 

t (x)  -  x:klx2k2 — x6k6  ' ) 


and  integrating  by  parts  over  the  entire  state  space  -  «  <  X  <  +®.  The 
boundary  conditions  are  used 


p(X  -»  -«)  »  p(X  -*•“)«  0 


C3  ) 


The  resulting  moment  equation  is  very  long  and  it  will  not  be  listed  in  this 
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paper.  However,  the  general  form  of  this  equation  is 


m'  ^  *  Ffj(m^ ,  n^,  *••*  m^,  (24) 

In  deriving  the  moment  equation  the  following  notation  is  adopted 

“kl  k2...  k6  *  ;  P(X.T)  i(X)  dX1dX2...dX6  (25) 

Equation  (24)  constitutes  a  set  of  infinite  coupled  equations.  In  other 
words,  the  differential  equation  of  order  N  contains  moment  terms  of  order  N 
and  N+l.  In  reference  [21],  these  equations  were  closed  via  a  closure 
scheme  based  on  the  assumption  that  the  response  process  is  very  close  to  a 
normal  process.  However,  the  system  mean  square  responses  revealed  that  the 
nonlinear  interaction  took  place  only  between  two  normal  modes,  instead  of 
three,  although  the  system  was  tuned  to  the  combination  internal  resonance. 
In  order  to  clarify  this  deficiency  the  system  response  will  be  further 
examined  by  a  non-Gaussian  closure  based  on  the  concept  of  cumulant-neglect . 

VI.  GAUSSIAN  CLOSURE  SOLUTION 

This  section  briefly  reviews  the  main  results  obtained  in  reference  [21)  for 
the  sake  of  completeness.  The  moment  equations  were  closed  by  setting  all 
third  order  cumulants  to  zero,  i.e. 

A3[XiXjXkl  *  EtXiXjXkI  '  ^  E[XijE[XjXk]  +  2E[Xi]E[Xj]E[XkJ  -  0  (26) 

where  the  number  over  summation  sign  refers  to  the  number  of  terms  generated 
in  the  form  of  the  indicated  expression  without  allowing  permutation  of 
indices.  Relation  (26)  is  used  to  obtain  expressions  for  third  order  momen¬ 
ts  in  terms  of  first  and  second  order  moments.  These  expressions  are  then 
used  to  close  the  second  order  moment  equations  generated  from  the  general 
equation  (24).  In  this  case  one  can  generate  27  coupled  equations  in  the 
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first  (6  equations)  and  second  (21  equations)  order  moments.  The  solution 
of  the  closed  27  coupled  moment  equations  is  obtained  numerically  by  using 
the  IMSL  DVERX  Subroutine  ( Runge-Kutta-Vemer  fifth  and  sixth  numerical 
integration  method.  Depending  on  the  value  of  internal  detuning  parameter  r 
the  system  response  may  be  reduced  to  the  linear  response  or  may  become 
quasi-stationary  which  deviates  significantly  from  the  linear  solution.  The 
numerical  integration  is  carried  out  on  the  IBM- 3081  computer  which  takes 
61.08  seconds  CPU  time  with  accuracy  0.1D-06  for  the  case  of  quasi- 
stationary  solution  (r  *  1.18).  Figure  (4)  presents  the  transient  and 
steady-state  responses  for  *  0.01,  c  “  0.05,  and  r  »  1.12.  The  steady 

state  solution  converges  to  the  stationary  linear  solution  derived  in 
reference  [21].  For  r  “  1.18  the  response  significantly  deviates  from  the 
linear  solution.  Figures  (5)  and  (6)  show  the  transient  and  steady  state 
responses  indicated  by  the  dotted  curves  (G)  for  excitation  spectral  density 
D/2^  *  1.0,  damping  ratios  ^  “0.01,  and  nonlinear  coupling  parameter  z  * 
0.025  and  0.05,  respectively.  The  transient  response  shows  that  the  autopa- 
rametric  coupling  takes  place  between  the  second  and  third  normal  modes  in  a 
form  of  energy  exchange.  It  is  seen  that  the  steady  state  response  does  not 
achieve  a  stationary  value  but  fluctuates  between  two  limits.  The  values  of 
the  two  limits  are  divided  by  the  linear  solution  and  the  ratios  are  plotted 
against  the  detuning  parameter  r  as  shown  in  figs.  (7)  and  (8)  for  two  dif¬ 
ferent  values  of  the  nonlinear  coupling  parameter  e.  The  region  of  autopa- 
rametric  interaction  is  seen  to  become  wider  as  the  nonlinear  coupling  para¬ 
meter  increases  and  as  the  damping  ratios  5^  decrease.  These  two  figures 
reveal  the  fact  that  the  nonlinear  interaction  takes  place  within  a  small 
range  of  internal  detuning  parameter  around  r  “  1.18  which  is  well  remote 
from  the  exact  internal  resonance  r  “  1.0.  The  authors  have  made  several 
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attempts  to  determine  tha  response  statistics  under  the  condition  of  exact 
internal  resonance  r  »1.0.  However,  all  nuaarical  solutions  converge  to  the 
linear  response  and  the  Gaussian  closure  fails  to  predict  any  nonlinear 
interaction  between  the  three  modes  at  r  ■  1.0.  Inspection  of  the  frequency 
ratios  ,  w-j/uij  ,  and  tu,  /u^ ,  shown  in  fig.  (9),  reveal  that  at  r  » 

1.18  the  second  and  third  modes  are  in  exact  internal  resonance,  i.  e.  * 
2ui-,.  If  one  considers  only  the  equations  of  motion  which  govern  the  non¬ 
linear  coupling  of  the  second  and  third  modes  with  the  condition  u)  •  2_.  , 
the  system  moment  equations  are  then  reduced  to  69  equations  whose  numerical 
solutions  coincides  with  the  response  presented  in  figs.  (7)  and  (8).  It  is 
obvious  that  the  Gaussian  closure  scheme  is  not  adequate  to  predict  the 
nonlinear  three  modal  interaction  and  this  is  the  main  reason  for  conside¬ 
ring  the  non-Gaussian  closure  approach  in  the  next  section. 


VII.  NON -GAUSS IAN  CLOSURE  SOLUTION 

The  non-Gaussian  closure  scheme  takes  into  account  the  effect  of  non¬ 
normality  of  the  response  probability  density  and  thus  is  expected  to 
provide  adequate  modeling  for  the  system  nonlinear  random  response.  As  a 
first  order  approximation  the  third  and  forth  order  cumulants  will  be 
considered  in  the  analysis  and  all  higher  order  cumulants  are  set  to  zero. 
In  this  case  one  has  to  generate  moment  equations  up  to  fourth  order. 

Fifth  order  moments  which  appear  in  the  fourth  order  moment  equations  will 
be  replaced  by  fourth  and  lower  order  moments  by  using  the  relationship 
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The  number  S  of  moment  equations  of  order  K  is  given  by  the  relationship 

[14] 

S  «  n(n  +  1 )(n  +  2)...(n  +  K  -  1)/K!  (28) 

where  n  is  the  number  of  state  coordinates  X.  For  the  present  problem  one 
needs  to  generate  6  equations  for  first  order  moments,  21  equations  for 
second  order,  56  equations  for  third  order  and  126  equations  for  fourth 
order,  with  a  total  of  209  first  order  differential  equations  which  are 
closed  by  using  relation  (27). 

The  209  differential  equations  are  solved  by  numerical  integration  by  using 
the  DVERK  subroutine  on  the  IBM3081  computer.  For  one  complete  time  history 
response  the  numerical  integration  took  748.48  seconds  CPU  time  (i.e.  over 
12  times  the  CPU  time  of  the  Gaussian  closure  solution)  with  accuracy  of 
0.1D-06.  Figures  (5)  and  (6)  show  the  transient  and  steady  state  responses 
indicated  by  solid  curves  (NG)  for  r  “1.18  which  corresponds  to  two-modal 
interaction  between  second  and  third  modes.  Again  the  transient  response 
shows  nonlinear  interaction  in  a  form  of  energy  exchange  between  second  and 
third  normal  modes.  Contrary  to  the  Gaussian  closure  solution,  it  is  seen 
that  the  steady  state  response  achieves  a  strictly  stationary  solution.  The 
numerical  integration  is  carried  out  for  the  209  equations  at  r  *  1.0  to 
find  out  if  the  non-Gaussian  closure  predicts  nonlinear  three  modal  interac¬ 
tion.  Figure  (10)  shows  the  transient  and  steady  state  mean  square  response 

for  Z  m  0.01,  c  •  0.05.  The  CPU  time  taken  for  one  complete  time  history 
i 

record  is  1414  seconds  which  is  much  longer  than  the  CPU  time  for  Gaussian 
closure  solution.  The  fluctuations  observed  in  the  transient  response  are 
entirely  dependent  on  the  the  initial  conditions  introduced  in  the  numerical 
algorithm.  For  example  all  response  records  obtained  with  zero  initial 
conditions  do  not  show  any  fluctuations  in  the  transient  period. 


Since,  the  non-Gaussian  closure  scheme  yields  a  stationary  solution  it  is 
possible  to  solve  only  for  the  steady  state  by  setting  the  left  hand  sides 
of  the  209  equations  to  zero  and  solve  the  resulting  nonlinear  algebraic 
equations  numerically.  The  numerical  solution  is  carried  out  by  using  the 
ZSPOW  (Solve  a  System  of  Nonlinear  Equations)  subroutine  on  the  IBM-3081 
computer.  The  solution  is  obtained  by  assuming  initial  guessing  (approxi¬ 
mate)  values  for  the  roots  of  the  equations.  Convergence  of  the  solution  is 
reached  when  the  initial  roots  are  close  to  the  exact  solution.  The  deci¬ 
sion  of  accepting  valid  roots  is  based  on  two  main  criteria.  The  first  is 
the  non-negativeness  of  the  even  order  moments,  and  the  second  is  to  satisfy 
Schwarz's  inequality.  Another  important  criterion  is  the  positiveness  of 
the  joint  probability  density  of  the  response  coordinates  especially  at  the 
tails.  However,  in  view  of  the  problem  complexity  the  authors  did  not  ins¬ 
pect  this  criterion.  It  is  noteworthy  to  mention  that  once  the  solution  is 
obtained  for  one  point,  the  solution  of  all  subsequent  points  is  generated 
with  less  effort.  The  CPU  time  for  one  point  solution  varies  between  40  and 
60  seconds  depending  on  the  initial  guessing  values,  with  accuracy  of 
0.1D-06. 

The  steady  state  solution  is  plotted  against  the  internal  detuning  parameter 
r  for  various  values  of  system  parameters  and  excitation  spectral  density 
level.  Figures  (11)  through  (15)  show  three-  and  two-modal  nonlinear  inter¬ 
actions  which  occur  at  r  ■  1.0  and  1.18,  respectively.  It  is  seen  that  the 
regions  of  autoparametric  interaction  become  wider  as  the  nonlinear  coupling 
parameter  e  and  excitation  level  D/2!^  increase  and  as  the  damping  ratios 
decrease.  For  most  system  and  excitation  parameters  used  in  fig.  (11) 
through  (14)  the  two  modal  interaction  is  stronger  than  the  three  modal 
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interaction.  Significant  three  modal  interaction  arises  for  relatively  lar¬ 
ger  values  of  the  nonlinear  coupling  paraaeter  t  and  small  damping  ratios 
as  shown  in  fig.  (15). 

Since  the  main  objective  of  this  study  is  to  examine  the  random  response 
characteristics  of  three  modal  interaction,  attention  is  focused  on  the 
response  characteristics  in  the  neighborhood  of  exact  internal  resonance  r  * 
1.0.  The  mean  square  responses  of  the  three  normal  modes  are  plotted  in 
figs.  (  16)  through  (21)  for  various  values  of  nonlinear  coupling  parameter  £ 
and  damping  ratios  j;,.  .  These  figures  demonstrate  the  development  of  complex 
response  characteristics  as  the  nonlinear  coupling  parameter  increases  and 
as  the  damping  ratios  decrease.  The  autoparametric  interaction  occurs 
between  the  three  modes  in  such  a  manner  that  the  mean  square  responses  of 
the  first  two  normal  modes  is  always  greater  than  the  linear  solution  (H.0) 
while  it  is  less  for  the  third  normal  mode.  This  means  that  the  nonlinear 
interaction  takes  place  between  the  first  and  second  modes  on  one  hand  and 
the  third  mode  on  the  other  hand.  A  new  feature  of  considerable  interest  is 
the  contrast  in  the  form  of  the  mean  square  response  curves  above  the  exact 
detuning  ratio  r  >  1.0  for  a  certain  combination  of  system  parameters  and 
excitation  level  as  shown  in  figs.  (18)  through  (21).  This  is  indicated  by 
the  multiple  solutions  over  a  finite  portion  of  the  internal  detuning  para¬ 
meter.  At  points  of  vertical  tangency  the  response  mean  squares  exhibit  the 
jump  and  collapse  phenomena  indicated  by  the  arrows  AB  and  CD,  respectively, 
see  fig.  (18).  Those  solutions  shown  by  the  upper  and  lower  branches  BC  and 
AD  are  verified  by  numerical  integration.  However,  all  numerical  integ¬ 
ration  attempts  made  at  points  very  close  to  the  middle  branch  AC  converge 
to  either  the  upper  or  lower  branches.  This  implies  that  the  middle  solu¬ 
tion  is  always  unstable  which  is  analogous  to  a  great  extent  to  determinis- 


tic  solutions  of  nonlinear  systems.  For  systems  with  quadratic  non¬ 
linearity,  the  deterministic  theory  of  nonlinear  vibrations  predicts  similar 
phenomena . 


The  well  known  saturation  phenomenon  reported  by  Nayfeh  and  Mook  [4]  does 
not  take  place  for  dynamic  systems  with  quadratic  nonlinearity  subjected  to 
wide  band  random  excitation  since  the  excitation  includes  a  wide  range  of 
frequencies  which  always  excite  the  system  normal  modes.  The  influence  of 
the  excitation  spectral  density  level  0/2^  upon  the  response  mean  squares 
is  shown  in  fig.  (22)  damping  ratios  5  «  0.002  and  coupling  parameter  z  « 

0.05.  This  figure  shows  that  the  system  has  three  possible  solutions  for 
the  same  excitation  level  only  if  the  internal  detuning  is  slightly  shifted 
from  the  exact  internal  resonance  r  •  1.0.  At  points  of  vertical  tangencv 
the  response  mean  square  will  experience  the  jump  and  collapse  phenomena  as 
shown  by  the  arrows  AB  and  CD,  respectively. 

Figures  (18)  through  (21)  reveal  that  the  region  of  internal  detuning  over 
which  multiple  solutions  take  place  is  dependent  on  the  nonlinear  coupling 
parameter  and  damping  ratios  of  the  three  normal  modes.  In  order  to  define 
the  region  of  multiple  solutions  a  parametric  study  is  carried  out.  The 
results  are  shown  in  fig.  (23)  which  displays  a  set  of  regions  of  multiple 
solutions  for  various  values  of  damping  ratios.  The  threshold  value  of  z* 
where  the  mean  square  responses  bifurcate  into  multiple  solutions  is  plotted 
as  a  function  of  damping  ratios  in  fig.  (24). 
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VIII.  CONCLUSIONS 


With  the  advent  of  computer  algebra  software,  such  as  MACSYMA,  REDUCE,  and 
FORMAC,  complicated  analyses  of  dynamic  systems  can  be  performed  with  less 
human  mistakes.  In  the  area  of  nonlinear  oscillations  [51  computer  symbolic 
manipulations  are  used  to  derive  the  basic  differential  equations  of 
motion  of  nonlinear  systems  and  to  transfer  these  equations  into  principal 
coordinates.  It  is  believed  that  the  symbolic  computation  will  be  widely 
used  in  the  near  future  to  analyze  nonlinear  systems  with  large  dimensions. 

The  MACSYMA  software  is  used  to  analyze  the  nonlinear  random  modal  inter¬ 
action  of  a  three-degree-of-freedom  structural  model  in  the  neighborhood  of 
combination  internal  resonance  of  the  summed  type.  The  Fokker-Planck  equa¬ 
tion  approach  together  with  a  non-Gaussian  closure  scheme  are  used  to  deter¬ 
mine  the  response  statistics.  Contrary  to  the  Gaussian  closure  scheme 
results,  the  non-Gaussian  closure  yields  several  new  features  of  response 
characteristics.  These  include  weak  and  strong  three  modal  interaction, 
multiple  solutions,  and  jump  phenomena.  Multiple  solutions  only  occur  over 
a  finite  region  of  internal  detuning  parameter  which  is  slightly  greater 
than  the  exact  internal  resonance  condition.  At  exact  internal  combination 
resonance  the  system  possesses  a  unique  stable  limit  cycle. 
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Fig.  (1)  Schematic  diagram  of  the  model. 


Fig.  (2)  Normal  mode  frequency  ratios  r  •  versus 

parameters  for  various  of  i77/'ui331 


svstem 


Fig.  (3)  Mode  shapes  corresponding  to  the  combination  internal  resonance 


Fig.  (4)  Transient  and  steady  mean  square  responses  according  to  Gaussian 
closure  solutions  for  ; .  “  0.01,  £  ■  0.05,  and  r  «  1.12.  The 
steady  state  response  converges  to  the  stationary  linear  solution 
at  r  *  1 . 12. 


Fig.  (5)  Transient  (a)  and  steady  state  (b)  responses  according  to  Gaussian 
(G)  and  non-Gaussian  (NG)  closure  solutions,  for  •  0.01, 

£  -  0.025,  'WU.+ui,)  -  1.18,  D/2;3  -  1.0.  1 

Fig.  (6)  Transient  (a)  and  steady  state  (b)  responses  according  to  Gaussian 
(G)  and  non-Gaussian  (NG)  closure  solutions,  for  1.  «  0.01, 

£  -  0.05,  ^/(u^+ui.,)  -  1.18,  D/2;3  -  1.0. 

Fig.  (7)  Gaussian  closure  solution  yields  two-modal  interaction  between 

second  and  third  normal  modes  (£  »  0.025,  “  0.01,  D/2;3  *  1.0; 

Fig.  (8)  Gaussian  closure  solution  yields  two-modal  interaction  between  the 
second  and  third  normal  modes  (e  ■  0.05,  »  0.01,  D/2;3  •  1.0) 

Fig.  (9)  Frequency  ratios  of  two  and  three  normal  modes  versus  system 
parameters  for  u)7,/uj.,  ■  1.4,  m7/m.  »  0.5,  m./m,  »  5.0, 
l2/ll  -  0.25.  1 


Fig.  (10)  Non-Gaussian  closure  of  nonlinear  three-modal  interaction  for 


£  »  0.05,  t; t  -  0.01,  D/2?3  »  1.0. 


Fig.  (11)  Non-Gaussian  closure  solution  showing  two-modal  interaction  at 
r  «  1.18,  and  weak  three-modal  interaction  at  r  »  1.0, 
for  £  »  0.025,  C.  -  0.01,  D/2t;3  -  1.0. 


Fig.  (12)  Non-Gaussian  closure  solution  showing  two-modal  interaction 
at  r  ■  1.18,  and  weak  three-modal  interaction  at  r  »  1.0, 
for  £  -  0.025,  ^  -  0.01,  D/2t;3  -  2.0. 
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Fig.  (13)  Non-Gaussian  closure  solution  showing  two-nodal  interaction  at 
r  »  1.18,  and  weak  three-modal  interaction  at  r  “  1.0, 
for  £  -  0.05,  Ci  -  0.01,  D/2;3  »  1.0. 

Fig.  (14)  Non-Gaussian  closure  solution  showing  two-modal  interaction  at 
r  »  1.18,  and  weak  three-modal  interaction  at  r  »  1.0, 
for  £  »  0.06,  C  -  0.01,  D/2;3  »  1.0. 

Fig.  (15)  Non-Gaussian  closure  solution  showing  two-modal  interaction  at 
r  »  1.18,  and  three-modal  interaction  at  r  »  1.0, 
for  £  -  0.05,  £; i  »  0.003,  D/2;3  -  1.0. 

Fig.  (16)  Non-Gaussian  closure  solution  showing  strong  three-modal 
interaction  for  £  »  0.025,  ”  0.004,  D/2;^.»  1.0. 

Fig.  (17)  Non-Gaussian  closure  solution  showing  strong  three-modal 
interaction  for  £  *  0.05,  c;^  »  0.004,  D/2 S3  •  1.0. 

Fig.  (18)  Manifestation  of  multiple  solutions  and  jump  phenomenon  in  three 
modal  interaction  for  £  »  0.05,  »  0.002,  D/2^3  *  1.0. 

Fig.  (19)  Manifestation  of  multiple  solutions  and  jump  phenomenon  in  three 
modal  interaction  for  £  *  0.05,  ^  *  0.001,  D/2c;3  *  1.0. 

Fig.  (20)  Manifestation  of  multiple  solutions  and  jump  phenomenon  in  three 
modal  interaction  for  £  »  0.075,  »  0.004,  D / 2 C 3  *  1-0. 

Fig.  (21)  Development  of  complex  response  in  the  third  normal  mode  mean 
square  for  e  »  0.075,  *  0.002,  D/2c3  *  1-0. 

Fig.  (22)  Dependancy  of  mean  square  responses  on  the  excitation  spectral 

density,  a  region  of  multiple  solutions  for  £  =0.05,  i.  =  0.002 

Fig.  (23)  Region  of  multiple  solutions  for  various  values  of 

Fig.  (24)  Threshold  value  of  e  above  where  the  mean  square  responses  have 
multiple  solutions. 
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